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Abstract

This study proposes a time-varying structural approximate dynamic factor (TVS-
ADF) model by extending the ADF model in state-space form. The TVS-ADF model
considers time-varying coefficients and a time-varying variance—covariance matrix of
its innovation terms, so that it can capture complex dynamic economic characteris-
tics. We propose the identification scheme of the common factors in the TVS-ADF
and derive the identification theory. We also propose an effective Markov chain Monte
Carlo (MCMC) algorithm to estimate the TVS-ADF. To avoid the overparameter-
ization caused by the time-varying characteristics of the TVS-ADF, we include the
shrinkage and sparsification approaches in the MCMC algorithm. Additionally, we
propose several effective information criteria for the determination of the number
of factors in the TVS-ADF. Extensive artificial simulations demonstrate that the
TVS-ADF has better forecast performance than the ADF in almost all settings for
different numbers of explained variables, numbers of explanatory variables, sparsity
levels, and sample sizes. An empirical application to macroeconomic forecasting also
indicates that our model can substantially improve predictive accuracy and capture
the dynamic features of an economic system better than the ADF.
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1 Introduction

The approximate dynamic factor (ADF) model in state-space form proposed by Forni et al.
(2009) has become increasingly popular in various economics and finance applications over
the past decade or so. However, the ADF has a limitation, in that it does not consider
the time-varying characteristics of coefficients and the variance covariance matrix of the
innovations, although this type of time-varying characteristics exists in many macroeco-
nomic variables and financial time series as the relationships between economic variables
are not always time invariant in an economic system. Hence, capturing these time-varying
relationships between economic variabels is a crucial task in economic analysis. There are
many studies devoted to this topic (e.g., Cogley 2005; Primiceri 2005; Karakatsani and
Bunn 2008; Gali and Gambetti 2015; Antolin-Diaz et al. 2017; Aharon and Demir 2022;
Gao et al. 2023).

Recently, vector autoregressive (VAR) models with time-varying parameters have en-
joyed significant popularity in time series analysis (e.g., Cogley and Sargent 2005; Primiceri
2005; Koop et al. 2009; Nakajima et al. 2011; Korobilis 2013; Baumeister and Peersman
2013; Koop et al. 2019; Huber et al. 2020; Chan 2023). Among these studies, the time-
varying structural VAR (TVS-VAR) model proposed by Primiceri (2005) considers time-
varying coefficients and covariances of the innovations so that it can characterize the non-
linearities and time variation of both the relationships between variables and innovations.
The time-varying structure of the TVS-VAR may be successfully applied to the ADF to
address its time-invariant limitation.

In this study, we propose a new model—a time-varying structural approximate dynamic
factor (TVS-ADF) model—by extending the ADF. The main contributions of this study
are fourfold.

First, we introduce a time-varying structure similar to that of the TVS-VAR into the



ADF to form the TVS-ADF, which considers observed explanatory variables, time-varying
coefficients, and a time-varying variance—covariance matrix of the innovations. Addition-
ally, we provide the identification scheme of the common factors in the TVS-ADF and
derive the identification theory.

Second, we propose several effective information criteria for the determination of the
number of factors in the TVS-ADF. These information criteria are straightforward, hence
one can easily carry out them in practical applications.

Third, we provide a Markov chain Monte Carlo (MCMC) algorithm for estimating the
TVS-ADF. Although maximum likelihood estimation could be considered an alternative,
the maximization of the likelihood function would be extremely difficult, if not impossible,
when the dimensions of the TVS-ADF parameters are very high. The MCMC algorithm is
thus a realizable choice for high-dimensional situations.

Lastly, we provide solutions for shrinkage and sparsification to avoid overparameteriza-
tion. The flexibility of the TVS-ADF arising from its time-varying characteristics comes
at the cost of overparameterization, which can lead to perfect in-sample fit but poor
out-of-sample forecast performance. To deal with this issue, we propose shrinkage and
sparsification solutions. To shrink the TVS-ADF, we use the continuous shrinkage prior
(Dirichlet—Laplace prior) proposed by Bhattacharya et al. (2015), which can be expressed
as global-local scale mixtures of Gaussians and facilitate computation for high-dimensional
situations. As Bhattacharya et al. (2015) pointed out, under the Bayesian paradigm, spar-
sity is routinely induced through two-component mixture priors with a probability mass of
zero; however, such priors encounter daunting computational problems in high dimensions.
Hence, we do not consider the sparsification-only approach for our TVS-ADF. As another
solution, Huber et al. (2020) showed that carrying out sparsification after shrinkage can
yield better predictive performance in some empirical applications. In their algorithm, the

shrinkage procedure, which was conducted first, enabled them to adopt a sparsification



procedure with low computation cost. We also adopt the approach of Huber et al. (2020)
with both shrinkage and sparsification for our TVS-ADF.

It is worth mentioning that, although there are some studies that have developed dy-
namic factor models with time-varying parameters, they are different from our model. The
models in these studies can be classified into two categories: parametric and semiparametric
models. As for parametric models,! Del Negro and Otrok (2008) allowed the time-varying
factor loadings and stochastic volatility of the innovations, but the variance—covariance
matrix of the innovations is diagonal. Mumtaz and Surico (2012) allowed time-varying
coefficients in the state equation of the factors, but the factor loadings and the variance
of the innovations are time invariant. Combining the different characteristics of these two
models, Bjgrnland and Thorsrud (2019) proposed a new factor model in which more time-
varying parameters are allowed, but the variance—covariance matrix of the innovations is
still diagonal. Marcellino et al. (2016) proposed a mixed frequency dynamic factor model
in which the disturbances of both the factor and innovations have time-varying stochastic
volatilities, but the factor loadings are time invariant. Mikkelsen et al. (2019) considered
time-varying factor loadings, but the variance matrix of the innovations is both time invari-
ant and diagonal. Based on Bjgrnland and Thorsrud (2019) and Marcellino et al. (2016),
Thorsrud (2020) introduced time-varying factor loadings with some restrictions, but the
variance matrix of the innovations is still assumed to be both time invariant and diagonal.
It is evident that all the aforementioned models assume the variance—covariance matrix
of the innovations to be diagonal; in other words, innovations are not allowed to have
cross-sectional dependence. As Barigozzi (2018) pointed out, the dynamic factor models
in which innovations are allowed to have cross-sectional dependence are the most realis-
tic. By contrast, our TVS-ADF not only considers the cross-sectional dependence of the

innovations but also allows the variance—covariance matrix of the innovations to be time

'Note that we only focus on dynamic factor models in which the parameters are modeled as evolving
stochastically. For positing a break in the parameters, see Stock and Watson (2016) for an overview.
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varying. Furthermore, in the models above, either the factor loadings or the variances
of the innovations are time invariant. By contrast, our TVS-ADF allows both the factor
loadings and the variance—covariance matrix of the innovations to be time-varying.

For semiparametric models, the main idea for capturing the dynamics of economic data
is to model factor loadings as a function of time or observed variables (e.g., Motta et al.,
2011; Eichler et al., 2011; Su and Wang, 2017; Ma et al., 2020; Catano et al., 2021; Barigozzi
et al., 2021; Pelger and Xiong, 2021). The main difference from our approach is that the
variance—covariance matrix of the innovations in these models is specified as either diagonal
or time invariant. Another drawback of these models is that semiparametric factor loadings
are not easy to interpret in empirical applications.

The TVS-ADF may be related to the class of factor augmented VAR (FAVAR) models
with time-varying parameters, but the models in this class have a different structure from
the TVS-ADF and consist of two equations: the factor regression equation and the VAR
equation. Addtionally, the factor regression equations of most models cannot capture all
the time-varying characteristics that can be captured by our TVS-ADF. For example, the
model proposed by Bianchi et al. (2009) includes the time-varying parameters in the VAR
equation, but the factor loadings and the variances of innovations in the factor regression
equation are time invariant. Liu et al. (2011) and Abbate et al. (2016) built different FAVAR
models with time-varying parameters, in which the factor loadings are allowed to be time
varying, but the variances of the innovations in the factor regression equation are time
invariant. Korobilis (2013) proposed the time-varying parameter factor augmented VAR
(TVP-FAVAR) model, in which the variances of the innovations in the factor regression
equation are allowed to be time varying, but the factor loadings are constant. Subsequently,
based on Korobilis (2013), Koop and Korobilis (2014) allowed the factor loadings to be
time varying in the TVP-FAVAR; but, as mentioned below, this is different from our

TVS-ADF, as are the other variants. All these models are different from our TVS-ADF



as follows. Their variance—covariance matrices of the innovations in the factor regression
equation are assumed to be diagonal. Hence, they cannot allow innovations to have cross-
sectional dependence. By contrast, our TVS-ADF allows the cross-sectional dependence
of the innovations and their time-varying variance—covariance matrix. Additionally, in
the factor regression equations of some models above, either the factor loadings are time
invariant or the innovations are time invariant. However, we allow them both to be time
varying in the TVS-ADF.

The rest of the paper is organized as follows. Section 2 describes the proposed TVS-ADF
model, identification of factors, information criteria for the determination of the number
of factors, the estimation methodology with shrinkage and sparsification, and ordering
issue of variables. Section 3 conducts extensive artificial simulations. Section 4 carries
out an empirical application of macroeconomic forecasting. Section 5 concludes. All the
technical proofs, details of the algorithm, and additional simulations are provided in the

supplementary material.

2 Model

We construct the TVS-ADF model with n units and 7" sample periods as follows:

Y= BXi+MNF+&, &~ N(O,T3), (1)
F,=CF_1+mn, n~N(01), (2)
where Y; is an n X 1 vector of explained variables (t = 1,---,T), B, is an n X m matrix of

time-varying coefficients, X; is an m x 1 vector of observed explanatory variables, A; is an
n X r matrix of time-varying factor loadings, F; is an r x 1 vector of unobserved common

factors, & is an n x 1 vector of idiosyncratic errors, Ff is an n X n positive definite matrix,



C'is an r x r matrix of coefficients, 7, is an r X 1 vector of innovations, I is an r X r identity

matrix. Specifically,

!/
Y1t ﬁu o - 0 L1t
/
Yot 0 By -+ 0 Lot
}/;f - ) Bt - ) Xt = )
/
Ynt 0 0 te nt Tt
nx1 nxm mx1
where y;; is a scalar, §; is an m x 1 vector, x; is an m x 1 vector, i = 1,--- ,n, and nm = m.

Ay = (Mg, -+ Ane), where Ay is an r x 1 vector for i = 1, n. Fy = (Fyy, Foy, -+, ),
where F,; denotes the s-th element of F; for s=1,--- ,r. As T f is positive definite, it can

be factorized with Cholesky decomposition: It = A7 H, A" | where

1 0O --- 0 hi
21 ¢ 1 - 0 hoy
At = ) Ht =
Qpi1t An2¢ " 1 hnt

This decomposition of the variance-covariance matrix above is a common technique used
in time-varying models (see Cogley and Sargent, 2005, Cogley, 2005, Primiceri, 2005, Ko-
robilis, 2013 and Koop and Korobilis, 2014). Similar to Primiceri (2005), we have the
following transformed formula of (1), which is convenient for calculating the distributions

of A; and H; conditional on the other parameters:

Y, = B.X; + AMFy + A7 H ey, ey ~ N(0, ). (3)

Let 8, = (6, ,0,,) and A\ = (N, -+, A,,)". Let a; be the vector of the non-zero and

non-one elements of A; (stacked by rows) and h; be the vector of the diagonal elements of



H;. The dynamics of the time-varying parameters are specified as follows:

By =1 +d;, d,~ N(0,D), (4)
N =M_1+4d;, di~N(0,D), (5)
a; = pag_1 +uy,  ug ~ N(0,S), (6)
log(ht) = @log(hi—1) + v,y ~ N(0,%), (7)

where the diagonal matrices D = diag (Dl, S D“)me’ D= diag <D1, . ,Dn) s Di
is an m xm diagonal matrix (i = 1,-- - ,n) that denotes the variance of 3;; conditional on ¢t —
1, D; is an r x r diagonal matrix (i =1,---,n) that denotes the conditional variance of \;;
p and @ are scalar parameters; the diagonal matrix S = diag (Ss, - - -, S”)Z?:g(i—l)XZ?zg(i—l)’
and fori =2,--- ,n, S;isa (i — 1) x (i — 1) diagonal matrix that denotes the conditional
variance of (a1 ¢, -+, ai—1.4). Note that e;, 1y, dy, czt, ug, and ~; are mutually independent,
and D, D, S, and ¥ are all diagonal matrices.

As previously discussed, in contrast to the ADF, our model considers additional issues
related to the observed explanatory variables, time-varying coefficients, and time-varying
variance—covariance matrix of the innovations. Incorporating the explanatory variables is
intended to capture the impacts of known important economic variables on the explained
variables other than the latent factors. Allowing for time variation in both the coefficients
and variance—covariance matrix of the innovations can capture additional dynamic char-
acteristics of the economy. Specifically, the drifting coefficients, B; and A;, can capture
time variation in the parameters or nonlinearities, which reflect the dynamic impact of the
explanatory variables on the dependent variables. Furthermore, the time-varying variance—
covariance matrix of the innovations, Ff, can capture possible dynamic heteroscedasticity
in the innovations and dynamic nonlinearities in the simultaneous relationships between

model variables.



However, these time-varying parameters can lead to overparameterization. For instance,
economic variables X; may sometimes only have a very small effect on Y;. Therefore, if
we do not push f§; toward zero, it will cause poor results. Additionally, the impact of
some variables on Y; could be time invariant; hence, in such cases, it is critical to push the
variance of f3; toward zero. As mentioned before, we take two approaches to shrink and
sparsify the TVS-ADF to avoid overparameterization: (i) only shrink the model using the
approach of Bhattacharya et al. (2015) and (ii) both shrink and sparsify the model using
the approach of Huber et al. (2020). We use notation TVS-ADF(s) for the model that
is only shrunk and TVS-ADF(ss) for the model that is both shrunk and sparsified. The
methods for shrinkage and sparsification are incorporated into the MCMC algorithm and

are described in detail in Appendix B of the supplementary material.

2.1 Identification of factors

To ensure that the common factors can be identified, we still need some additional assump-

tions for the TVS-ADF as follows:

Assumption 1. Let N\ denote the initial value of Ny fori =1,--- ,n. E(\o) # 0 and

E(XioNyy) is a positive definite matriz.

Assumption 2. C can be decomposed as C = PMP~, where P and M denote the eigen-
vector matriz and eigenvalue matriz of C', respectively. All eigenvalues of C' are nonzero

and the maximum absolute value of the eigenvalues is smaller than 1.

Assumption 3. Let Fy denote the initial value of Fy. E(FyF}) can be factorized as
E(FyF}) = PyMy P}, where Py and My denote the eigenvector matiz and eigenvalue matrix

of E(FyF}), respectively, and My is a positive definite matriz.

Assumption 4. Let fyf’(") denote the mazximum eigenvalue of Ff satisfying the equations

(6) and (7) with |p| <1 and |p| < 1. For all t, vf’(") is op(n).
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Next, we will detailedly elucidate the identification scheme of the common factors in

the TVS-ADF.

Theorem 1. Suppose that Assumptions 1, 2, 3, and 4 hold, then the common component

M Fy and idiosyncratic component & can be seperated in probability as n — oo.

In Theorem 1, we allow the cumulative variance of the common component across n
units to be O(n) by Assumptions 1, 2, and 3, while we impose some restrictions on Ff by
Assumption 4 to make the cumulative sum of all elements in T is op(n) (in other words,
only the mild cross-sectional dependence of &; is allowed in Ff as n increases). Then, in this
situation, the factors have an intuitive meaning from the perspective of the aggregation of
all units across series, that is, the cumulative sum of the variance of the common component
across series can diverge faster as n — oo relative to the idiosyncratic component.

Although we can disentangle the common component from the idiosyncratic component,
the loadings and factors cannot be identified without restrictions. Since, for an arbitrary
r x r invertible matrix @, it always holds that A, F} = A,QQ~'F,. Obviously, there are 2
free elements in ). Hence, we need 72 restrictions to identify A, and F,. Note that, as
a matter of fact, the r? restrictions already exist in our model specification. First, in the
TVS-ADF, the variance—covariance matrix of 7, is set as an identity matrix, which is a
standard normalization assumption for factor models. This provides r(r + 1)/2 restrictions
on the conditional variance—covariance matrix of F;. Second, diagonal D; for all i (i.e., the
loadings of different latent factors are uncorrelated) implies that the variance—covariance
matrix of A; (i.e., EAJA; — (EAy)' EA,) is diagonal, which provides additional r(r — 1)/2

restrictions. Finally, A; and F; are identified with the 72 restrictions.

Remark 1 One may concern that I'S with the dynamics of (6) and (7) can not statisfy

Assumption 4. But, actually, (6) and (7) are not contradictory to Assumption 4. For
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simplicity, let us consider a three-dimensional example:

-1 -1/
1 0 O hy 1 0 O
Ff = a21.t 1 0 hgt 21t 1 0
a31¢ A32¢ 1 Dt 31t aA32¢ 1
hat —asgy,thi (az1ta32¢ — az1e)hae
= _a21,th1t agl,thu + hoy (a31,t - a21,ta32,t)h1t - a32,th2t

2 2
(a21,ta32,t - asl,t)hht (a31,t - a21,ta32,t>h1t - a32,th2t (a21,ta32,t - a31,t) hay + agg,th% + sy

If ag14—1 = 0, agzy—1 = 0, S33 = 0 (the conditional variance of as;), and S5 = 0 (the

conditional variance of ass;), then

ha —ag1,thiy 0

§ _
Iy = —ag1 1l a%uhu +hy O
0 0 Dt

according to (6), which implies that (6) and (7) can make I'} have enough zeros to satisfy

Assumption 4. Hence, (6), (7), and Assumption 4 can be assumed to hold together.

Remark 2 Regarding time variation in the coefficients and factors, one may concern that
() can be time varying instead of being constant. However, this is impossible under our
model setting because rescaled factors Q; ' F, and rescaled loadings A;Q; cannot satisfy (2)

and (5).

Remark 3 Although this study focuses on the identification method of Theorem 1, we
discuss two other identification schemes to reveal that the common factors can also be
identified from the perspective of the aggregation of all units across time.

The first one is that we allow the common factors £} to have autocorrelations and some

11



factors in F; are non-stationary (which means that the maximum absolute value of the
eigenvalues of C'is equal to or greater than 1), while the idiosyncratic errors are not allowed
to have autocorrelations and their covariances are bounded in probability; addtionally, we
need to suppose that n is fixed or n — oo. The factors have an intuitive meaning in terms
of the dynamic aggregation of all units across time, that is, the cumulative variances of the
common component A;F; across time can diverge as T increases, whereas the cumulative
sum of the variance of the idiosyncratic component &; is bounded in probability as T — oo.
Hence, the common component can be separated from the idiosyncratic component, which
means that A\ F; can capture the main information of all units (i.e., the cumulative dynamic
variances and covariances of the unstationary factors during the whole period and stationary
factors over infinite finite-time intervals) as 7' — oo. For the assumption about n, we use
an expamle to explain. For instance, there are 10 variables having latent common factors
in an economic system; if we only consider one of these 10 variables and omit the other
variables, then the common factors identified by this one variable may not be the same
as those obtained by the 10 variables (even though the common component of this one
variable can be separated from the idiosyncratic component). Hence, one either assumes a
fixed n, or assumes n — 0o in a practical application.

The second scheme is, on the basis of the first method mentioned above, to impose
Assumption 4 of Theorem 1 on Ff to deal with the identifiation of factors. Then, it is
easy to obtain that the common component can be disentangled from the idiosyncratic

component as n — oo or 7" — oo in probability.

2.2 Number of factors

Let ro denote the number of the common factors and suppose that rq € {1,2,---, R}

where R is a positive integer. Drawing on the idea of Bai and Ng (2002), we propose four
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information criteria (IC') to determine the number of factors as follows 2:

1 < (] log(n)
ICy(r) = n_T;tr _Ft | +rn—|—T’
ICy(r) = niT tzi;tr ffr + r%’
ICs(r) = nLT tzi;tr ffr + rlzg_l_(?),
ICy(r) = % itr fﬁr + rlong_(i_inj]:),

~
Il
—

where IS denotes the estimate of TS with r factors. Then we can obtain an estimate of

the number of factors using an information criterion, that is,

7; = argmin IC;(r), j=1,---,4.
re{l,-,R}

The first terms of the criteria above are motivated by a bootstrap method. To describe
this motivation better, we need to introduce additional notations. We rewrite By, A;, Fj,
and Ff as By, A}, F], and Ff’r, respectively, to signify that there are r common factors in
the TVS-ADF. For each r, we generate N (sufficiently large) sequences, which are denoted

by Y™ = (Y] ... Y7*) fori=1,---, N, following

Y =BXo+ N +e), e~ NOTY), t=1,-.T

where B7, A7, E7, and IS denote the estimates of Bf, A7, F/, and I'S"; additionally, we

2We also consider log forms of these four information criteria. Details see Appendix C.2 of the supple-
mentary material.
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draw £ from N(0,1%"). Then we can choose a number of factors, r*, by

r* = argmin —ZZ 1Y — BI X, — ATET||? = argmln —ZZ [EAlRe

ref1,-.ry IV i=1 =1 re{l,- =1 =1

Let €!; denote j-th row of ei. Since as N — oo, ~ 37 (E;j)z — E[(Eij)z] = T

where 1'%

7; denotes the j-th diagonal element of %" we have 1/NSNV STF|l€l])> —

ST tr [ffr] as N — oo.

The second term of each criterion above is a penalty term, which is used to ensure that
under and overparameterized models are not be chosen. Since the cardinality of Y}, n, is a
crucial element for the identification of factors in the TVS-ADF according to Theorem 1;
additionally, the sample size T' can affect the estimation results of parameters, we propose
four different penalties both depending n and 7. Note that these four penalty terms can

vanish gradually as n — co and T" — oc.

2.3 MCMC algorithm for estimation

We use the MCMC algorithm to estimate the model. As it is difficult and complex to
obtain the closed form of the joint posterior distribution of all parameters, we simulate
the joint posterior distribution using Gibbs sampling, sequentially drawing the parameters
of the TVS-ADF from the conditional posterior distributions. Our proposed algorithm
including shrinkage and sparsification for the Gibbs sampling comprises seven steps (for
details, see Appendix B of the supplementary material): drawing B, and A;; drawing Fj;
darwing Ay; drawing H;; drawing C, p and ¢; drawing some important parameters in
the prior distributions we use; drawing some hyperparameters. In our algorithm, we will
conduct shrinkage and sparsification for the time-varying coeffeicients and covariances of
the innovations. First the shrinkage is carried out using the Dirichlet-Laplace prior, then

the sparsification is done by a method proposed by Huber et al. (2020).
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2.4 The ordering issue

In empirical application, we could face the ordering issue of the variables in Y; (i.e.,
Y1t,* * + > Yne) due to Cholesky decomposition. First, the order of these variables affects their

distributions conditional on ¢ — 1. For simplicity, let us consider a two-variable example:

¢ 1 Y 1 hi 1 a21.t hi a21,th1t
Té— A H, A7V = _
p
asy 1 hat 1 a1 thiy  agy hae + hog
log(h1t—1)+
609( 16—1)+71¢t a21,th1t
log(hig—1)+ log(has—1)+
azehae (Gangor + gy )el 9P o elegtha)z

The expression above clarifies that, conditional on the information at t — 1, the distribution
of the first diagonal element of Ff is a log-normal distribution, whereas the second diagonal
element is not. Hence, different orderings will imply different distributions for the variables
in Y;, which could affect the model’s predictive results.

Second, the order of (yys, -, yn:) essentially determines the contemporaneous reaction
relationships between different variables. To describe this clearly, let us consider a three-
demensional Y;. According to (B.10) in Appendix B of the supplementary material, we

have

§1t = V haer (8)
§2t =V hatea — a21,t§1t (9)
§3t = hsies — a317t€1t - a32,t§2t- (10)

Obviously, if £;; increases one unit at ¢ (thus y;; will increase one unit), then &;; will have
a contemporaneous effect on &y and &3; (thus yo; and ys; will be affected) according to (9)

and (10). However, if £ increases one unit at ¢, then it will only have a contemporaneous

15



effect on &3 but not have a contemporaneous effect on &;; according to (10). Similarly
for &3¢, it can not have a contemporaneous effect on &;; and &y. In other words, y;; can
contemporaneously affect yo; and ys;, but not conversely; yo; can contemporaneously affect
y3t, but not conversely.

The second characteristic above gives us an important implication that one can de-
termine the ordering of variables according to the contemporaneous reaction relationships
between different variables, which can make empirical analysis be meaningful. For instance,
in monetary policy analysis, inflation react to the policy instrument (e.g., interest rate) with
at least one period of lag (in other words, the policy instrument does not contemporaneously

affect inflation), then we can put inflation in the front of the policy instrument.

3 Artificial simulation

We first present evidence on the performance of our model based on simulation experiments
using artificial data generated from the TVS-ADF in Section 3.1; then, in Section 3.2, we
show the the performance of the proposed information criteria for the determination of the

number of factors in the TVS-ADF.

3.1 Point forecasts

To assess how well the different models perform across different numbers of explained
variables, numbers of explanatory variables, degrees of sparsity, and lengths of time series,
we set n = 10, 20, 30; for each n, we consider three sparsity levels, labeled as dense (with
10% zeros in «; in (B.4)), moderate (with 40% zeros), and sparse (with 70% zeros); For
each sparsity level, we consider 4 explanatory variables (consisting of m = 2 obeserved
variables and r = 2 unobserved common factors) and 8 explanatory variables (consisting

of m = 4 obeserved variables and r = 4 unobserved common factors); we set sample sizes
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T = 100, 200. We randomly generate N = 100 simulated datasets for each variant. We set
ry ~ N(0,1,), S = 0.12I5,% = 0.1%Iy, D = 0.12I5,D = 0.1%I, where I, Is, I, Ip and

I are identity matrices of dimensions m x m, [n x (n —1)/2] x [n x (n —1)/2], n X n,

nm X nm and nr X nr, respectively. Moreover, for r = 2, we set

0.5 0.1

0.1 0.3

for r = 4, we set

05 01 0 0
0.1 03 O 0

0 0 06 -01

0 0 —-01 04

The initial value of F} is set to zero. The initial value of TS, T%, is generated by 1/2(a+d’),
where a is an n X n matrix and each element of a is generated from a normal distribution,
N(0,0.1). Each diagonal element of I' § is replaced by one to ensure F? is a positive definite
matrix. Then, we can easily obtain the initial values of A; and H; using the Cholesky
decomposition for 'S, respectively. Next, we set 70%, 90%, and 95% zeros in A; and S for
n = 10, 20, and 30, respectively, to ensure vf’(") = 0,(n).

We use the two-step method of Forni et al. (2009) to estimate the ADF and the MCMC
algorithm described in Section 3 to estimate the TVS-ADF. We use the first T observations
to estimate the models, and then the resulting estimates to predict the 7'+ 1-th observation.
The precision of point forecasts is measured by the following mean-squared error: MSE™ =
L3 MSE;, i = 1,---,n, where MSE; = < Z;V:l(yf,TH — 9l p1)? Yl refers to the
T + 1-th observation of the i-th unit (i.e., i-th explained variable) in the j-th simulated

dataset and gjfT 41 denotes its fitted value. Note that MSE™ measures the predictive

precision of all explained variables.
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We tabulate MSE™ for three models with different numbers of explained variables,
numbers of explanatory variables, sample sizes, and sparsity levels in Table 1. We can
make the following observations. First, in the most cases, the mean-squared errors of the
three models become smaller as the sparsity level gradually increases. Considering the
time-varying characteristic tends to become weaker as the sparsity level rises and more
parameters become constants, we think that this could cause MSE™ for the ADF to
decline gradually. Additionally, for both TVS-ADF(s) and TVS-ADF(ss), the increase in
the sparsity level could be conducive to an improvement in the shrinakge and sparsification.

Second, MSE™ of the TVS-ADF(s) and TVS-ADF(ss) increases as sample size T’ be-
comes large. This may be because although increasing the sample size benefits estimation
accuracy, it also increases the number of unknown parameters; thus, an increase in the
number of unknown parameters can offset the benefit of a larger sample. Moreover, the
MSE®™ for the ADF has a similar tendency. A possible reason is that, in the random walk
process, increasing time 7' can make parameters have larger aggregate movements, which
can offset the benefit of a larger sample.

Third, TVS-ADF(s) and TVS-ADF(ss) show substantial improvements with respect to
predictive accuracy relative to the ADF in all cases, which indicates that our models can
better capture time-varying information. Moreover, the TVS-ADF(s) and TVS-ADF(ss)
yield similar outcomes in most cases, but the TVS-ADF(s) performs slightly better than
the TVS-ADF(ss).

Overall, the TVS-ADF(s) and TVS-ADF(ss) almost always perform better than the
ADF for different numbers of explained variables, numbers of explanatory variables, spar-
sity levels, and sample sizes. Furthermore, the TVS-ADF(s) and TVS-ADF(ss) display

similar results.
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3.2 Information criteria

To assess the performance of the proposed information criteria across different numbers of
factors, we set the true number of factors ryo = 2 and 4; additionaly, for each ry, we consider
n = 10, 20 and 7" = 100, 200. The other settings (e.g., the sparsity levels and parameter
settings) are the same as that described in section 3.1. For all cases, each information
criterion determines the number of factors 7 from the set {1,2,3,4,5}. We carry out 100
replications for each variant.

Table 2 reports the averages of 7 determined by different IC' over 100 replications
for 1o = 2 and 4, respectively 3. First, for 7y = 2, the performance of all information
criteria can improve for the determination of the number of factors in the TVS-ADF(s) with
different sparsity levels as T  increases. Additionally, IC outperforms the other information
criterions in most cases. For TVS-ADF(ss), the ICy, IC3, and IC, can provide more
suitable results in most cases relative to the ICY. Moreover, the ICy, IC3, and ICy have
a better perfromance as n and T increases. For ro = 4, all information criteria have
similar performance to 1y = 2 for the TVS-ADF(s) and TVS-ADF(ss). Furthermore, all
information criteria are inclined to underestimate the number of factors as the sparsity
level increases in some cases regardless of 7o = 2 or rp = 4. We think that since the
high sparsity level can decrease the degree of time-varying characteristics in our model,
the information of observations over n units used for capturing common factors can be

weakened in comparison with the low sparsity level.

3We also provide the results of the log-form information criteria in Appendix C.2.
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Table 2: The number of factors 7 determined by different information criteria

TVS-ADF(s) TVS-ADF(ss)
IC, IC, ICs5 1Cy I1Cy IC, ICs 1Cy
To = 2
n = 10,7 = 100 n = 10,7 = 100
dense(10%) 1.16 1.00 1.00 1.00 295 154 1.60 1.21
moderate(40%) 1.44 1.12 1.13 1.04 3.79 213 214 142
sparse(70%) 1.08 1.01 1.01 1.00 3.89 158 1.65 1.11
n = 10,7 = 200 n = 10,7 = 200
dense(10%) 228 1.72 1.73 1.35 4.09 293 3.00 2.62
moderate(40%) 1.60 1.08 1.08 1.02 4.01 2.60 2.60 1.96
sparse(70%) 2,51 212 212 191 4.35 3.60 3.60 2.60
n = 20,7 = 100 n = 20,7 =100
dense(10%) 1.19 1.00 1.03 1.00 227 174 1.78 1.31
moderate(40%) 1.02 1.00 1.00 1.00 212 146 152 1.08
sparse(70%) 1.00 1.00 1.00 1.00 1.60 1.12 1.14 1.00
n = 20,7 = 200 n = 20,7 = 200
dense(10%) 1.99 150 1.52 1.16 3.04 248 248 207
moderate(40%) 1.75 1.22 1.26 1.06 3.09 221 227 184
sparse(70%) 1.97 1.67 1.67 1.37 3.55 249 252 2.09
ro =4
n = 10,7 = 100 n = 10,7 = 100
dense(10%) 292 183 191 1.48 443 3.75 3.82 2.73
moderate(40%) 1.76 1.27 1.28 1.14 3.60 221 224 1.64
sparse(70%) 1.08 1.00 1.00 1.00 335 149 1.55 1.11
n = 10,7 = 200 n = 10,7 = 200
dense(10%) 3.51 275 275 241 435 3.89 391 3.58
moderate(40%) 3.02 221 221 1.94 432 3.69 3.72 3.21
sparse(70%) 224 143 143 1.18 3.97 236 237 1.79
n = 20,7 = 100 n = 20,7 = 100
dense(10%) 2.14 148 1.50 1.16 3.70 252 271 1.78
moderate(40%) 1.30 1.07 1.10 1.01 249 1.74 1.77 124
sparse(70%) 1.01 1.00 1.00 1.00 1.76 1.20 1.21 1.02
n = 20,7 = 200 n = 20,7 = 200
dense(10%) 3.34 260 2.63 2.08 416 3.77 3.78 3.21
moderate(40%) 2.43 1.86 1.86 1.56 3.91 3.27 3.27 247
sparse(70%) 1.30 1.07 1.07 1.01 282 1.71 1.73 1.16
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4 Empirical application

We use the FRED-MD database from McCracken and Ng (2016), which consists of monthly
US macroeconomic data. The sample period is from January 1998 to September 2023.
The dataset includes economic variables in eight groups: output and income; labor market;
housing; consumption, orders, and inventories; money and credit; interest and exchange
rates; prices; and stock market. We choose 21 representative variables from different groups
by selecting the highest-level indices in each group. Then, these variables are standardized
using the transformation codes provided by McCracken and Ng (2016). Subsequently,
we divide these variables into six groups following the block method of Belviso and Milani
(2006) and Korobilis (2013). Then we use the strategy mentioned in section 2.4 to determine
the ordering of these groups as follows: real activity; money, credit, and finance; exchange
rate; price; expectations; and monetary policy (interest rate). Table 5 (see Appendix C.1
of the supplementary material) details the variables. We conduct point forecasts for these
variables using the ADF and TVS-ADF, respectively. We determine the number of factors
in the TVS-ADF using the four information criteria in section 2.2, while we use the three
information criteria (PC);, PCps, and PC3) proposed by Bai and Ng (2002) to choose the
number of factors for the ADF following Forni et al. (2009). We set r € {1,2,3,---,10}.
We take the first lags, second lags, and third lags of the 21 economic variables as three
observed explanatory variables.

We consider h-step-ahead point forecasts, h = 1,2, 3,4, and two options, 7' = 100 and
200 as the sample sizes. For each variant, we adopt the following rolling window scheme to
carry out point forecasts. For example, let us consider 7' = 100 and the 1-step-ahead point
forecasts (i.e., h = 1). As the starting point of the rolling window, we use the first 100
observations from the sample period, January 1998 to April 2006, to estimate the models,

which are then used to predict the outcomes for May 2006. Then, we move the rolling
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window one step ahead (i.e., the sample period is from February 1998 to May 2006) and
use the resulting estimates to predict the outcomes for June 2006. We proceed recursively
100 times in this fashion and obtain a sequence of forecasts from May 2006 to August 2014.
Similarly for the other variants.

We measure the precision of the h-step-ahead point forecasts for the i-th explained
variable using the mean-squared error: MSE" = %ZtT:ThLlL(yit —9i)% i =1,---  n, where
[ =100 (i.e., 100 times), n = 21 (i.e., 21 variables), and ¢;; denotes the predicted value of y;.
Additionally, we measure the predictive accuracy of all explained variables using MSE?R) =
1/n>, MSE".  To measure the predictive accuracy of all explained variables on the
time dimension, we use the cumulative sum of forecasting errors: CSE?R)J = > e SEy,
T=T+h, -, T+ h+1, for all explained variables, where SE; = 1/n>""" | (yi — 9it)*.

Tables 3 and 4 present the MSE” and MSE?H) for the h-step-ahead point forecasts of the
three models for different sample sizes*. The deep gray figures indicate the lowest MSE?
across the three models for a given sample size, while the light gray figures are the second
lowest MSE". The last line of each block with a specific & in the tables gives the MSE?H).
The values of MSE! show that the predictive performances of the TVS-ADF (ss) and TVS-
ADF(s) are better than that of the ADF for most economic variables, regardless of sample
size and forecast horizon h, which could arise from the capacity of our models to capture
economic dynamics. Additionally, the results for the TVS-ADF(ss) and TVS-ADF(s) are
similar for different cases.

Figures 1 and 2 report CSE?,L),T of h-step-ahead point forecasts of the three models for

different sample sizes, which illustrates the increasing path of the predictive error. We

4Note that, to simplify empirical exercise and present results better, we first calculate the information
criteria using the estimation results of each model based on all observations (i.e., the data from January
1998 to September 2023) to select the number of factors; then we conduct 100 rolling windows for each
model using a fixed r determined in the first step. All IC of the TVS-ADF report # = 5, whereas three
criteria of the ADF support # = 4. To convince readers better, we also present the results of the three
models for different fixed numbers of factors (i.e., r = 1,2,3,4,5) in Appendix C.3 of the supplementary
material. Additionally, we provide the density forecasts of the explained variables in the TVS-ADF and
compare the TVS-ADF with other classical models in Appendix C.4 and C.5, respectively.
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Table 3: MSE? of h-step-ahead point forecasts of three models for different sample sizes

T =100 T =200
ADF TVS-ADF(s) TVS-ADF(ss) ADF TVS-ADF(s) TVS-ADF((ss)
h=1 Group 1: Real Activity
CLF 0.0000450  0.0000055  [0:0000049] 0.0000825  0.0000298  [[0:0000253
CE 0.0000915 0.0000067  [[0:0000065]  0.0007973 0.0007076  [[0.0002664'
CUR 0.3965476  [0:0315664! 0.0377275  3.3851808 1.4075778  [1.2677961
RPI 0.0003357  [0.0000809]  0.0000841  0.0015409  0.0011144  [0.0008798
HSTNPO  0.0199556  [0:0072581 0.0117212 0.0106306 [F010086367]  0.0119494
NPHP 0.0189670 010046647 0.0074855  0.0109669  [[0:0038720! 0.0052756
RPCE 0.0002834  0.0000110  [0:0000094] 0.0008656  0.0004306  [[0.0002899
Group 2: Money, Credit and Finance
TRDI 0.2047704 010148469 0.0154991  0.0203103  [[0:0029985! 0.0033184
M1MS 0.0016393 1010002308 0.0002550 0.0264531  [[000249902]  0.0271451
M2MS 0.0002194  0.0000272  [0:0000232] 0.0000905  0.0000582  [[0:0000464
CIL 0.0000924  0.0000885  [0:0000603] 0.0005342 0.0003362  [10.0002723
Group 3: Exchange Rate
EXJPUS  0.0077644  0.0006302  [00005711] 0.0011294  0.0004696  [10:0004429]
Group 4: Price
PPL.CM  0.0400774  [0:0020502 0.0022087  0.0053281  [[0:0024342' 0.0025617
PPLIM 0.0003436  0.0001564  [0M0000279]  0.0001901 0.0000848  [10:0000760!
PPLFG  0.0002074  0.0001105  [[0:0000962]  0.0001486 0.0000986 [ 0.0000878
CPL:AI 0.0000274  0.0000201  [0:0000117] 0.0000178  0.0000100  [[0.0000077
PCE:CI  0.0000312 0.0000086  [10:0000063]  0.0000086 0.0000056 | 0.0000041
Group 5: Expectations
CsI 19.4868038  18.8759556  [VISIS182371  21.9949929  17.4075369 [F17.3981120]
NOCG 0.0063040  0.0006792  [0:0005801  0.0022776  0.0011229  [[0.0010969
TBI 0.0008947  0.0000699  [0:0000560] 0.0001253  [[0.0000455! 0.0000514
Group 6: Monetary Policy (interest rate)
EFFR 0.0217789 010196307 0.0213777  [0:0239301  0.0263335 0.0313433
MSEf,, 0.9622467  0.9027666 0.9005309 1.2136001  0.8994711 0.8929071
h =2 Group 1: Real Activity
CLF 0.0000462 0.0000053  [[0:0000048]  0.0001014  0.0000252  [F0:0000249"
CE 0.0000911 0.0000079  [[0I0000067  0.0011149 0.0008415  [10:0002801
CUR 0.3898965  [0.0309646  0.0379273  4.8598623 1.3112633 | 1.2198440
RPI 0.0003378  0.0000927  [[0:0000826] 0.0014216 0.0011788  [10.0008798'
HSTNPO  0.0197571 [0.01103400  0.0198930  0.0198257  [[0.0181269  0.0194080
NPHP 0.0241978  [0.0084029°  0.0143740  0.0198768  [[0.00658211  0.0104900
RPCE 0.0002777  0.0000101  [0I0000098] 0.0010307  0.0004464  [10.0003412|
Group 2: Money, Credit and Finance
TRDI 0.1873265 00143378  0.0148909  0.0209176  [[0:0030982'  0.0034679
M1MS 0.0018103  0.0002551  [[0I0002538]  0.0294288 0.0289803  [10.0271637
M2MS 0.0002274  0.0000219 00000217  0.0001257  0.0000955  [F0.0000479]
CIL 0.0001126  0.0000943  [0I0000578]  0.0006107  0.0003134  [10.0002675|
Group 3: Exchange Rate
EXJPUS  0.0077150  0.0006108  [010005828]  0.0012101 0.0004802  [10:0004703'
Group 4: Price
PPL.CM  0.0419332 [0.0021432  0.0022102  0.0050280  0.0025708  [10.0025400
PPLIM 0.0004297  0.0001356  [0I0001263]  0.0001909 0.0000862  [10.0000805'
PPLFG  0.0002821 0.0000940  [T010000936!  0.0001456 0.0000976  [70:0000893'
CPIL:AI 0.0000267  0.0000262 000001881  0.0000181 0.0000100  [70:0000073'
PCE:CI  0.0000314  0.0000084  [0:00000590  0.0000085  0.0000089 00000045
Group 5: Expectations
CSI 18.9694357 11816283004  18.6495128  25.9140567  17.6935390 [117.6294505
NOCG 0.0059201 0.0006019  [[0:0005482]  0.0038068 0.0013883  [10.0012646'
TBI 0.0008354  0.0000793  [0I0000612] 0.0001306  [F0:0000415! 0.0000534
Group 6: Monetary Policy (interest rate)
EFFR 0.0253043 00238917  0.0256199  0.0376003  [10:0333866]  0.0354828
MSEf,, 0.9369521  0.8914818 0.8936332 14722148 0.9094077 0.9024599
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Table 4: MSE? of h-step-ahead point forecasts of three models for different sample sizes

T =100 T =200
ADF TVS-ADF(s) TVS-ADF(ss) ADF TVS-ADF(s) TVS-ADF((ss)
h =3 Group 1: Real Activity
CLF 0.0000453  0.0000055  [0:0000047 0.0001093  0.0000266  [[0:0000251
CE 0.0000867 1010000063 0.0000067  0.0013593 0.0007678  [10.0002934'
CUR 0.3754399 10103428001 0.0385781  6.1745659  [F1:2062096! 1.2184667
RPI 0.0003481  0.0000839  [0:0000815] 0.0016148  0.0010376  [[0.0008712
HSTNPO  0.0201458 [[0:01513400  0.0311140 0.0357245  [0:0168592! 0.0288106
NPHP 0.0322948 1010123337 0.0246911  0.0353469  [[0:0095936! 0.0173786
RPCE 0.0002778  0.0000107  [0:0000099] 0.0010878  [0.0003107  0.0003254
Group 2: Money, Credit and Finance
TRDI 0.1949322 0.0147544  [[010143345]  0.0203652  [10:0034294 0.0034656
M1MS 0.0018272 010002616 0.0002645 0.0281965  0.0289940 00274075
M2MS 0.0002312  [0.0000217  0.0000221  0.0001184  0.0000671  [[0.0000459
CIL 0.0001407  0.0000702  [0:0000591] 0.0004817  0.0003380  [10.0002827
Group 3: Exchange Rate
EXJPUS  0.0076253  0.0005815  [[0:0005746] 0.0012368  [[0:0004413! 0.0004671
Group 4: Price
PPL.CM  0.0418529  [0:0022302  0.0022453  0.0047940  0.0026880  [10.0026381
PPLIM 0.0003606  0.0001385  [[0M0001256]  0.0002095 0.0000990  [[0:0000946'
PPLFG  0.0002498  0.0001044  [0:0000965  0.0001544  0.0001004 00000945
CPL:AI 0.0000300  0.0000248  [0:0000112] 0.0000185  0.0000122  [[0.0000076
PCE:CI  0.0000310  0.0000090  [[0:0000053] = 0.0000087  0.0000112  [0:0000039]
Group 5: Expectations
CsI 18.5174800  18.2500645 [FI812216508] 23.4596572  18.1251140 [ViSI0272474
NOCG 0.0057085  0.0005706  [0:0005451  0.0039113 00011162  0.0011223
TBI 0.0007875 0.0000871  [[0:0000565]  0.0001515 00000474 0.0000519
Group 6: Monetary Policy (interest rate)
EFFR 0.0278745 1010272363 0.0274391  0.0433248  [[010353730! 0.0369844
MSEf,, 0.9156081  0.8741909 0.8743769 14196399  0.9253636 0.9221945
h=4 Group 1: Real Activity
CLF 0.0000460  0.0000054  [0I0000047  0.0001487  0.0000253  [10:0000251
CE 0.0000846  0.0000076  [0I0000067  0.0020646 0.0010337  [[0:0002787
CUR 0.3646827 00876349  0.0394568  9.5628361 1.2190089 | 1.2144110
RPI 0.0003609  [0:0000805! 0.0000812  0.0021144  0.0010297  [0:0008724
HSTNPO  0.0245225 [0.0222007  0.0485147  0.0529737  [[0.0202204  0.0407916
NPHP 0.0424145  [0.0183835  0.0395700  0.0543019  [OOII5179  0.0246383
RPCE 0.0002742 0.0000104 00000108  0.0013917  0.0003227  [F0:0003078'
Group 2: Money, Credit and Finance
TRDI 0.2019685 0.0159947  [[0:0150836!  0.0196138 0.0035147  [[0.0034972'
M1MS 0.0017596  0.0002692  [[0:0002660]  0.0277572  0.0286192  [10.0268136]
M2MS 0.0002239  0.0000248  [0I0000222] 0.0001313 0.0000786  [10:0000413!
CIL 0.0001092 0.0000764  [[0:0000568]  0.0004999 0.0002845  [10.0002803'
Group 3: Exchange Rate
EXJPUS  0.0079293  0.0005797  [0I0005770] 0.0011942 0.0004779  [[0:0004706'
Group 4: Price
PPL.CM  0.0410467  0.0022535  [[0:0022485] 0.0050867  0.0026420  [1010026144]
PPLIM 0.0004346  0.0001347  [0I0001272]  0.0002046 0.0000995  [10:0000946'
PPLFG  0.0002769  0.0000970  [[010000944  0.0001541 0.0001004  [70:0000983'
CPIL:AI 0.0000324  0.0000180  [0I0000IEL  0.0000182 0.0000137  [70:0000075'
PCE:CI  0.0000316  0.0000128  [0:00000531  0.0000088  0.0000229  [0:0000043
Group 5: Expectations
CSI 18.0989528  17.9136928 [[I7.8914214 33.1687286  17.9011114 [17.8782540
NOCG 0.0054153  [0:0005214! 0.0005292  0.0043239 0.0010966  [10.0010849'
TBI 0.0007362 0.0000604  [[0:00004500 0.0001730 00000492 0.0000537
Group 6: Monetary Policy (interest rate)
EFFR 0.0297801  JOM0278271  0.0278923  0.0526073  [0:0859239'  0.0378348
MSEf,, 0.8962420  0.8590422 0.8602845  2.0455396  0.9155806 0.9158321
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highlight the financial-crisis era or COVID-19-pandemic era using a shadow band in Figure
1 and 2, repsectively. For all forecast horizons h with 7' = 100, the TVS-ADF(s) and
TVS-ADF(ss) have much smaller increases in the predictive error relative to the ADF after
August 2009. For T" = 200, while the TVS-ADF(ss) and TVS-ADF(s) consistently beat
the ADF after the initial months of the COVID-19 pandemic for all forecast horizons h.

Moreover, the performance of the TVS-ADF(s) is similar to that of the TVS-ADF(ss).

100

- - —ADF p

—— TVS-ADF(s) !
80| | TVS-ADF(ss)

) )

3 © o 5
QO \N o o N N Q o
w\” $o\,:1, PQ‘,'L W 060,1 Wﬂﬂ, 5‘3"3 ?e‘)ﬂ,
(¢) h=3

Figure 1: CSE?H)J of h-step-ahead point forecasts of three models for 7" = 100

In sum, compared to the ADF, the TVS-ADF(s) and TVS-ADF(ss) can better cap-
ture economic dynamic features and thus substantially improve the predictive accuracy for

different forecast horizons no matter whether the sample size is small or large.
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Figure 2: CSE?H)J of h-step-ahead point forecasts of three models for 7' = 200
5 Conclusions

This study proposed a new factor model, TVS-ADF, by extending the ADF to capture the
time-varying characteristics of economic data better. We detailedly discussed the identifi-
cation scheme of the common factors in this model and provided the identification theory.
Additionally, we also constructed an effective MCMC algorithm (seven-step Gibbs sam-
pling) to estimate the TVS-ADF. Moreover, to avoid overparameterization, we provided
shrinkage and sparsification methods for our model. Furthermore, we proposed several in-
formation criteria to determine the number of factors. Using an artificial data experiment,

we showed that the TVS-ADF(s) and TVS-ADF(ss) always yield more precise forecasts
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than the ADF for different cases. An empirical application to macroeconomic forecasting
indicated that our model also captures the dynamic features of a real economic system
better than the ADF. In our future research, we will consider a new decomposition for Ff

to model the dynamics of elements in Ff in order to analyze financial time series better.
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Appendix A: Proof of Theorem 1

Proof. Let 1y = yu — Blywie = Ny Fy 4+ €. Since 1 ZZ | Tit = ZZ 1 ZtEnL > &it, then

it follows that

n n

1 n T 1 n.on 1
- (EZD,J LSS Cov (X ]+ A 303 (Cov (66l (A1)
=1 j=1

=1 t=1 i=1 j=1

First, let us consider the first term of the right-hand side of (A.1). Note that

s=1 I=1

Cov ()\;tF’ta )‘;tF) = ()‘;tF’t = <Z Z )\zs t)\jl thtF}t>

= Z Z E (Mg Ajie) E (FoFye) (A.2)

s=1 [=1

where the second equation holds because E(F;) = 0 when the absolute value of the maxi-
mum eigenvalue of C' is smaller than 1, and \;s; and F§; mean the s-th elements of \;; and
F, respectively (similarly for A;;; and F};). According to Assumption 1 and Ay = A1 + d,,

then we have

t—1 -
E (Nisa\jir) =E [()\is,t—l + dis) N1 + del,t)} =E [()\is,o + Z dis1—1) (Njio + Z diri-1)

p

E(Ao) +tDys, if i=j,s=1
=N E <)\is,0> E ()\Z'L(]) s if 4= j, S §£ [ (AS)

E (Nis0) E(Njio), ifi#j

\

where Dis denotes the s-th diagonal element of Di.

Let Cy and ng denote the s-th row of C' and 7, respectively. Then, for E(F,Fy), we
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have

E(FaF) = E[(CsFi—1 + nst) (CrFi—1 + mi)]

t—1
=E { [Csct_lFO + Z (Cst_lnt—j) + st

j=1

-1
[Czct_lFo + Z (CC7 ' me—j) +

j=1

}

t—1
=C,CTB(RE)CTCl+ Y 00T G 4 Bl (A.4)

i=1

t—1

=C.C'B(RF)CCl+ ) [Csct—i—lE(nm;)Ct—i—l’C;} + E(name)
=1

Note that E(FyF})) = PyMyP) and C = PMP~! by Assumptions 2(b) and 3(b). Let P,

denote the s-th row of P, then C; = P,M P~'. Now, for (A.4), it follows that

t—1
E(FyF.) =P,P~'PoM* MyPyP~" P/ + ) [PSP—lM%—%P—l’P/ + E(nseme)
i=1
t—1
=P,P~ | RRM* MoPy+ Y  M*™%

i=1

=H (A.5)

P_llpl_ll + E(nstmt)

Combining (A.3) and (A.5), we can rewrite (A.2) as

Cov ()\;tFu ZZE zst)\jlt FstFlt)
s=1 I=1
ZZ[ (A20) +tDw} H, ifi=j,s=1
_ srl lrl ’ (A.6)
Z Z E (Niso) E(Njio) H, otherwise
s=1 [=1

According to (A.6) and Assumptions 1, 2(b), and 3(b), it follows that

% ST [Cov (NLFL X )] = O(1) (A7)

i=1 j=1
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as n — o0.

Now, let us consider the second term of the right-hand side of (A.1). Note that

1 e 1 1 "
n2 Z Z [Cov (&it, &jt)] = ﬁlérfln < ﬁn%&( ) = op(1), (A.8)

i=1 j=1

where [,, is an n-dimensional vector of ones, and the last inequality holds by Assumption
5.
Combining (A.7) and (A.8), we can conclude that the common component A;F; and

idiosyncratic component & can be seperated in probability as n — oo. O

Appendix B: MCMC algorithm (7-step Gibbs sampling)

B.1 Step 1: drawing B; and A\,

B; and A; are drawn together, conditional on the remaining parameters. To simplify
the drawing, shrinkage, and sparsification, we first undertake some transformations and
introduce some additional notations. Note that in this step, we apply shrinkage to B, and
A, while their sparsification will be done in step 6.

According to (1), for i = 1,--- ,n, we have yu; = SLxy + Ny Fy 4+ &, i ~ N(O7F§ii)'

Then, by conflating 8;; and A\;; and combining (4) and (5), we have

Yir = Uit + &it, & ~ N(0, Ff,u‘)»

bit = bir—1 + Vi, vie ~ N(0,D;), (B.1)

where b;t = (biltabi%a"' 7bikit) = ( z{t7)‘;t)7 ki = my +7r, pu = (x;taﬂl)lv and D; =

We introduce an k; x 1 vector b; = (b;y1,bi2, -+ ,bi,). Then, following Frithwirth-
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Schnatter and Wagner (2010), we can transfer (B.1) to

Yit = b;tD1/2pzt + b i Dit + gzta 6 ~ N(O szz)

bit = bit—l + f)it) {}it ~ N(Oa [kl)a (BQ)

where [j, is an k; X k; identity matrix, Bio =0 and

7 7 7 i biji — by

bit - (bilta T 7bikit)/a bZ]t =

where D;; is the j-th diagonal element of D;. Then, (B.2) also can be written as

Yir = @ zit + i, (B.4)

with a; = (v/Di1, -+ v/ Dk, bit, -+ - s zie = (b ® p). pl,)', and ® denotes element-

wise multiplication.

Prior As we want to shrink parameters (3;;, Ay, and D;, which have been collected and
transformed to «;, toward zero, we use a special prior, namely the Dirichlet—Laplace prior
proposed by Bhattacharya et al. (2015). Specifically, c;;, j = 1,-- -, 2k; denotes the j-th

element of a; and follows a Gaussian distribution:

aij | wijs €, T ~ N (0, wijeg;¢7), (B.5)

wij ~e(1/2) €5~ D(a,---,a) (G~ G(2ka,1/2), (B.6)

where e(-) denotes the exponential distribution, a is specified as (2k;)~'*®) with ¢ being
a positive number close to zero, D(-) is the Dirichlet distribution, and G(-) refers to the

Gamma distribution. This prior is adopted for the especially popular method of global—
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local shrinkage (e.g., Polson and Scott, 2010), which is both global (i.e., common to all
parameters) and local (i.e., specific to each parameter). The shrinkages of the 2k; param-
eters (i.e., global shrinkage) are controlled by (;, while w;; and ¢;; handle the shrinkage of
the j-th parameter (i.e., local shrinkage). Regarding equation (B.6), (; and w;; both take
very small positive values with a high probability, given the properties of the exponential
and Gamma distributions; so does ¢;; because the marginal distributions of D(a, - - - ,a) are
beta distributions with @ < 1/2. Therefore, in this type of setup, the value of a;; will be
close to zero with a high probability. Note that a plays an important role in determining
the shrinkage behavior of the Dirichlet—Laplace prior. Following Huber et al. (2020), we
draw a from its posterior distribution, which is obtained based on the prior of a uniform

distribution bounded between (2k;)~! and 1/2.

Drawing process Now, we show how to simulate the full history of B; and A;, which
have been transformed into by in (B.2), using the Dirichlet—Laplace prior. We need
some additional notations, as follows. Let bl = (b, - ,bip), b1 = (b, bL), B;‘F =
(bit,- -+, bir), and b = (BT, --- | bT), similarly for FT, AT HT YT XT. Furthermore, let
wi = (Wit -+, wWiok, ), € = (€1, -+, €ak;), and My = (wy, €, (;,a). According to Carter and

Kohn (1994) and Frithwirth-Schnatter (1994), the conditional probability density function

of Eit can be factorized as

T—1
F0F167) = f(bir|®7) T £ (Butlbirsr, ©7), (B.7)
t=1

where OF = (FT AT HT «a;, My, YT, XT) and f(-|-) stands for the conditional probability
density function. Obviously, all conditional density functions in the equation are normal
distributions. To conduct the drawing process, we first need to obtain the mean and

variance of each conditional distribution.
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For f(bir|©T), we use the Kalman filter for (B.2) as follows:

5 5 b, 1/2 1/2b; 1/2 _ 5 1/2
bitje =bisji—1 + F?ft_lDi/ pit[p;tDi/ F?ft_lDi/ Dit + Ff\t_m] My — ;t|t—1Di/ it — Uipitl,

bi __ b b; 1/2 1/21b; 1/2 13 -1 1/21b;
Ft\t _Ft|t—1 - Ft|t—1Di PitlPis D; Ft|t—1Di Dit + Ft|t—l,ii] PiD; Ft\t—l’
Eit-l—l\t :[;it|t7
I (B.8)
t+1[t t)t ki .

where 6i1|0 =0and F%O is a positive number close to zero. The final iteration of the Kalman
filter provides the mean and variance of f(b;p|©T).

Following Carter and Kohn (1994), to obtain the mean and variance of f(by|bii1, ©T),
we first conduct some equation transformations. We consider [;it—i—l = Eit+ﬁit+1 as additional
observations on Bit. We then pre-multiply 6it+1 = l;it + D1 by L7, where L is from the
Cholesky decomposition of I, = L'A;L, and we have L™ by41 = L by + L™ 0;41. We de-
fine bys1 = L™ 01 and Tjp1 = L™ 0441. Then, for the j-th row of b1, i1, = L;léh +
Tit41, Oitr1y ~ N(0,4;5;). For j = 1,--- K, let Eit\t,j = E[Z?it|@§,l~7it+1,1,"' aBit-i-l,j—l]
and Ff‘im = Var[l;it|@ﬁ, Bit—i-l,la e ,Eit.l,_l’j_l], where l;iHLj denotes the j-th row of Bit+1. It
is straightforward to obtain the following observation update equations using the Kalman
filter for Bit|t,j—1:

it = bitje,j—1 + Ffft,j—le_l/ [Lj_lri;rt,j—le_ll + i) g — Ly Dige g1,

—

tlt,j—1

b

o FBZ L_I,[Lflfl;i

t)e,j—1""J J t|¢,7—1

Y 17 —17b;
LV 4+ Ay 'L 'r

tlt,j—1

b =T which are the outcomes of the Kalman filter in (B.8).

where b0 = by, and Ft\t,o t|t)

To run the updated equations above, we need to obtain by ; for t = 1,--- ,T. To do this,
we first draw b, from f (l;iT\@lT); then, ij can be obtained by b;p = L~'b;r. Based on bir,

bir—1 can be drawn from f(bir_1|br, ©F), and bir_1, can be obtained as byp_; = L~ by 4.
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The process is similar for BiT_QJ, e ,5i17j. Now, we can run the above update equations k;
times. The final iteration gives the expectation and variance of git‘git-}-l, Of. As (B.7)is a
product of Gaussian densities, we can easily draw I;Z-t from it and then transform I;Z-t back

to obtain b; based on (B.3).

B.2 Step 2: drawing F;

F} is drawn from its conditional distribution:
-1
F(FT105) = f(Fr|03) [ f(FlFu,63), (B.9)
t=1

where ©F = (b7, AT HT ,C, YT, XT). Combining (1) and (2), we can simulate the full

history of F; by following a similar drawing process as the one in step 1.

B.3 Step 3: drawing A,

In this step, we implement shrinkage on A;, while the sparsification for A; is illustrated
in step 6. As preparation, we perform some equation transformations. From (3), we have

A&y = Ht1/2et. This means:

§1t =V hien
a214§1: + §ar = \/ horey

az1,:&1e + a32,460t + &3¢ = \/ haesy (B.10)

anl,té-lt + an2,t£2t + -+ ann—l,tgn—lt + gnt = hntemt-
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Then, for ¢ = 2,--- ,n, we have

Sit 1

= = 7 §Way+ e, e ~N(0,1), (B.11)
it it

where &1 = (&1e/Vhi, -+ &/ Vhi) and ai = (a4, -+, ai—14). Moreover, (6) can
be rewritten as

it = PiQi—1 + Ui, Uit ~ N(07 Si)7 (B-12)

where p; is a r x r diagonal matrix and S; is an (i — 1) x (¢ — 1) diagonal matrix.
Now, we introduce an (i — 1) x 1 vector a; = (a;1,- - - ,a;—1)" and let S;; denote the j-th

diagonal element of S;. Then, we can rewrite (B.11) and (B.12) as

git I / i—1t 1 1 i1t
= — . SZ v - —F—q; ¢ —'— ity i NNO,l y B13

Ay = PiQi—1 + 551/2(01' — L)a; + Gy, i ~ N(0,1;), (B.14)

where [; is an (i — 1) x (i — 1) identity matrix:

Qijt — Qij

a’it = (a'il,ta o 7dii—l,t),> dij,t = ) ] = 1a e ai - 1a (B15)

and a;p = 0. We then collect the parameters together and define the following new nota-
tions: wl = (\/ Sﬂ, MRV Sii—h a;)’ and Cit = ((—1/\/ hitdit ® gi_lt)/, —1/\/ hité-i_lt/)/. The

following transformation of (B.13) is used subsequently: &;/v/hiy = Yicy + ey.
Prior For shrinking A;, we use the Dirichlet—-Laplace prior for ;.

Drawing process We simulate the full history of a; using the Dirichlet-Laplace prior.

Specifically, we define diT = (@, -, a;r), and the conditional probability density function
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of a;; can be expressed as follows:

T—1
(~T|@T alT|@ Hf azt|azt+1a )7 (B16)
t=1

where ©F = (b7, FT HT 1);, My, p;, YT, XT) and M, denotes the hyperparameter in the
prior of ;. Based on (B.16), (B.13), and (B.14), we can obtain a! using a drawing process

similar to that used in step 1. Finally, we transform a; back to get a; based on (B.15).

B.4 Step 4: drawing H,

We implement shrinkage in this step and sparsification in step 6 on H;. As a preparation,
we make the following equation transformations. We define m; = A;&;; then, from A;§ =

H, 1/2 eq, for e =1,--- ,n, we have the i-th element of m;, m;; = v/ hie;;. Consequently,

log(mi,) = log(hi) + log(e,), e ~ x*(1),
2

~ —1.27 + log(hit) + i, i ~ N(0, %). (B.17)

Next, we introduce element h; and let 0? denote the i-th diagonal element of 3. Com-

bining (7) and (B.17), we have

2

lOg(m?t) = —1.27 + lOg(ilit)Ui + hi + @i, it ~ N(O, %)a (B-18)
log(hit) = dilog(hir—1) + (6i — Dhi/\/0? + T, Aie ~ N(0,1), (B.19)
where
log(hi) = w, (B.20)
ok

and log(hi) = 0. Further, we can rewrite (B.18) as log(m?2) + 1.27 = 7/l;; 4+ ¢4, where

7! = (04, h;) and l; = (lOg(iLit)a 1).
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Prior To shrink H;, we use the Dirichlet-Laplace prior for 7;.

Drawing process We simulate the full history of log(ﬁit) based on the conditional prob-

ability density function of log(hs):

T-1

f(log(h)"105) = f(log(hi)|©7) | ] f(log(ha)llog(hi), ©F), (B.21)

t=1

where log(ﬁl)T = (log(;}'ll)a U 7l0g(iliT))7 GZ = (bTvFTvATvTiv M37(r/)i7YT7XT> and M3
refers to the hyperparameter in the prior of 7;,. Applying (B.18), (B.19), and (B.21), and

following a similar drawing process to that in step 1, log(h;;) can be obtained. Finally, we

transform log(hs) back to obtain log(hs) based on (B.20).

B.5 Step 5: drawing C, p, and ¢

Let Cs and ng denote the s-th row of C' and 7, respectively. From (2), for s = 1,--- ,r,
Fy = CsFy_1 + ng, st ~ N(0,1). Note that (2) is a VAR. There are several types of
prior distributions available that can be used for VAR models, as summarized by Kadiyala
and Karlsson (1997) and Gelman et al. (2013). Among these, we select the standard
noninformative prior for Cs. Then, we draw Cy from its conditional posterior distribution,
Co | FT ~ N((FEFE )T FEFY (FE FE) ™Y, where FYy = (B, -+ Froy)' and Fj =

(Fy2,- -+, Fyr)'. Similarly for p and ¢.

B.6 Step 6: drawing «;, v;, and T;

In this step, we first show how to draw «;, 1;, and 7; from their posteriors, and then

illustrate how to sparsify them.
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Posterior «;, 1;, and 7; are drawn from their posteriors, which can be obtained straight-

forwardly. Specifically,

o;|OF ~ N(( "+ 2T 2) 7 20y, (7" + 207 2) 7Y, (B.22)
ilOg ~ N + i) e, (1 + cjer) ™),

7OF ~ N7 + 0O ) 00 g, (7 + 507 Y,

where © = (b, FT, HT AT M, YT XT) Q; refers to the variance of the prior of «,

Fi = dla‘g(rimv 7F§",ii)7 Zi = (Zilu"' 7ZiT)/7 Gg = (bTvFT7HT7AT7M27YT7XT)7 QZ

refers to the variance of the prior of ¢;, ¢; = (¢;1,- -+ ,cr), Ui = (%, cee \f;’l%)’, ol =

(b7, FT HT AT M;, YT, XT), Q; refers to the variance of the prior of 77, I; = (i1, - - -, lir)',

Q; = 7%/2, and §; = (log(m2) +1.27,--- ,log(m%,) +1.27)".

Sparsification In this study, we conduct sparsification following Huber et al. (2020)

in which the sparsification is done on the resulting estimates of the shrinkage (i.e., the

posterior results of the shrinkage). Specifically, given a draw aZ("T) = (ang), e ,agg; ))
from (B.22), the sparsified «; is obtained as

_ . nT - nT .

ay = sign(og”) || 25 17 (@ Ml 2 P —mig)es G=1- 2k, (B.23)

where k;; =| oszT) |72, sign(z) returns the sign of z, z; ; denotes the j-th column of z;, and
(x)+ = max(x,0). Note that equation (B.23) is a soft-thresholding approach, in which the
value of @;; below a certain value is set to zero. Sparsification can be conducted similarly

for ¢; and 7.
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B.7 Step 7: drawing M., M, Ms;

In this step, we draw hyperparameters M; for i = 1,2,3. For M;, which includes w;, €;, (;,

and a in the prior of «;, we have

€
Wij | Oéz'j>€ij>Ci ~ ]G(Cz'—] 1)>

|aij|’

G | i€ ~ GIG(2ki(a — 1),1,2) Iivil)’
j=1 4

’I’i.
€ = ok 0 Lij | Qij ~ GIG(a—1,1,2| Qij ),

232121 Tij

where /G denotes the inverse Gaussian distribution and GIG refers to the generalized
inverted Gaussian distribution (see Bhattacharya et al., 2015 and Huber et al., 2020).
Following Huber et al. 2020, we obtain the conditional posterior of a using a Metropolis—
Hastings algorithm with a Gaussian proposal distribution truncated between (2k;)~! and
1/2. In the simulation and empirical application, the variance of the proposal distribution
is tuned during the first 20% of the burn-in stage of the MCMC sampler, such that the
acceptance rate is between 20% and 40%.

This is similar for My and Ms.
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