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Abstract

IV estimation is examined when some instruments may be invalid. This is relevant
because the initial just-identifying orthogonality conditions are untestable, whereas
their validity is required when testing the orthogonality of additional instruments
by so-called over-identification restriction tests. Moreover, these tests have limited
power when samples are small, especially when instruments are weak. Distinguishing
between conditional and unconditional settings, we analyze the limiting distribution
of inconsistent IV and examine normal first-order asymptotic approximations to its
density in finite samples. For simple classes of models we compare these approxi-
mations with their simulated empirical counterparts over almost the full parameter
space. The latter is expressed in measures for: model fit, simultaneity, instrument
invalidity and instrument weakness. Our major findings are that for the accuracy
of large sample asymptotic approximations instrument weakness is much more detri-
mental than instrument invalidity. Also, IV estimators obtained from strong but
possibly invalid instruments are usually much closer to the true parameter values
than those obtained from valid but weak instruments.
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1 Introduction

When in a regression model some of the explanatory variables are contemporaneously cor-
related with the disturbance term, and this correlation is unknown, then one needs further
variables in order to find consistent estimators by the method of moments. These instru-
mental variables should have a known (usually zero) correlation with the disturbances. If
this is the case they provide moment conditions (called orthogonality conditions when the
correlation is zero) that make it possible to obtain consistent instrumental variable (IV)
estimators. In practice, however, it is difficult to assess whether an explanatory or an exter-
nal variable excluded from the explanatory variables is uncorrelated with the disturbance
term indeed, since such an orthogonality test for the validity of candidate instruments is
viable only when just identification or overidentification by valid instruments has been as-
sumed already. Thus, econometric methodology is handicapped due to the unfortunate
prerequisite that some non-econometric methodology should provide first some truly valid
instrumental variables, in number at least as large as the number of unknown coefficients
(k) to be estimated. The validity of the initial & instruments is statistically untestable.
Moreover, orthogonality tests of additional candidate instrumental variables will have rea-
sonable power only when the instruments employed and those under test are not too weak
(are sufficiently correlated with the regressors) and the sample size is substantial. There-
fore, it seems very likely that IV estimation will often be employed when some of the
instruments are in fact invalid. Then the IV estimator for the structural parameters will
be inconsistent, even when the structural equation itself is correctly specified regarding the
parameters of interest; moreover, standard and weak-instrument robust coefficient restric-
tion tests will be unreliable.! Here we examine the magnitude of some consequences of
using invalid instruments and analyze the determining factors of these consequences both
in large and in finite samples.

In this paper we consider general (and in much more detail some simple specific) forms
of static linear structural equations and corresponding partial reduced form systems in
covariance stationary variables and examine the IV estimator when actually some of its
exploited orthogonality conditions do not hold. We cover the general case where the number
of moment conditions exploited (1), thus the valid and invalid conditions together, is at
least as large as the number of unknown coefficients, i.e. we consider the (alleged) over
or just identified case (I > k). We focus on the distribution of such a possibly invalid IV
estimator for a single structural equation that itself has been specified correctly in the sense
that its implied vector of error terms is IID (independent and identically distributed) with
unconditional expectation equal to zero.? In addition to the expression for the inconsistency
of the IV estimator in terms of parameters and data moments, we also examine its limiting
distribution under standard large sample asymptotics. Unlike for consistent estimators this
limiting distribution depends on whether or not one conditions on exogenous variables.
The resulting analytic first-order asymptotic approximations to the actual distribution of
inconsistent IV estimators in finite samples are compared by simulation experiments with
the actual estimator distribution for widely varying model parameter values.

1See Murray (2006), Small (2007), Berkowitz et al. (2008, 2012) and Guggenberger (2012).

2 Also the conditional distribution is assumed IID with zero expectation provided no endogenous regres-
sors nor any invalid instruments are included in the conditioning set. An alternative point of departure
is chosen in Hale et al. (1980), Rhodes and Westbrook (1981), Knight (1982) and Skeels (1995) where

instruments are invalid due to omitted regressors.



Despite its obvious relevance, the analysis of IV estimators employing invalid instru-
ments has not received very much attention in the literature. Yet, the special case of
inconsistent OLS has been addressed in various studies. Goldberger (1964, p.359) exam-
ines for IIN (independent and identically normally distributed) regressors the unconditional
limiting distribution and obtains the inconsistency and asymptotic variance. In an unpub-
lished paper, Rothenberg (1972), conditioning on the unobserved means of the regressors,
derives the limiting distribution of OLS when some regressors are affected by measurement
errors. From this result Hausman (1978, formula 2.11) obtains the limiting distribution of
OLS in a simultaneous equation with £ = 1, while conditioning on the explanatory part of
the reduced form equation. The same case can be found as a problem exercise in Phillips
and Wickens (1978, Question 6.10). In their solution they indicate (but do not solve) the
complexities of obtaining the variance of the limiting distribution. The analysis of the
much more general problem of obtaining the limiting distribution of an inconsistent in-
strumental variables estimator has received attention too. For one equation from a normal
linear dynamic simultaneous system with serial correlation this was taken up by Hendry
(1979), and further examined in Maasumi and Phillips (1982) and Hendry (1982). These
three studies seek a so-called control variate, which has the same limiting distribution, and
examine its potential to enhance the effectiveness of Monte Carlo simulation findings by
response surface analysis. The focus in these three studies is on the unconditional distri-
bution of inconsistent IV estimation assuming normality of all variables involved, whereas
ours will primarily be on the conditional distribution rendering distributional assumptions
on predetermined variables redundant. Much more recently Bound et al. (1995, p.444) and
Hahn and Hausman (2005) have examined effects of (locally) invalid instruments in simple
linear one regressor models, i.e. £ = 1, and Hall and Inoue (2003) the consequences of mis-
specification in a general nonlinear GMM context. Ashley (2009) derives the counterpart of
Golberger’s unconditional result for inconsistent 2SLS applied to an alleged just identified
model (I = k) and demonstrates how it can be used in practice to produce inference on
structural parameters by exposing its sensitivity to varying assumptions on the correlation
of instruments and disturbances.

Our major analytic result will be an explicit formula for the asymptotic variance of
inconsistent 2SLS in case [ > k > 1, which does not require an assumption on nor estimates
of higher-order population moments of genuinely exogenous components of the model,
because we condition on their sample realizations. In principle, this conditional variance
is smaller (in a matrix sense) than the corresponding unconditional variance, and hence
more attractive, provided one is interested in inference that refers more directly to the
actually observed data and less to a putative multivariate data generating system on all
the variables involved. This conditional variance is obtained here by extending the approach
introduced by Rothenberg (1972) for inconsistent OLS estimators, also followed for OLS
estimation of a simultaneous equation in Kiviet and Niemczyk (2007, 2012) and Kiviet
(2013), which complete some initial results obtained in Joseph and Kiviet (2005). For
some simple cases we examine any discrepancies between conditional and unconditional
asymptotic distributions and their simulated finite sample counterparts. We do not resort
to the response surface technique, but to (dynamic) graphical techniques. These allow to
cover almost the entire parameter space, in which we do not put the DGP parameters on
the axes but transformations of these which much more directly convey the basic model
characteristics, being: degree of simultaneity, instrument strength, instrument invalidity,
model fit and sample size. Whereas much of the recent literature on weak instruments



focusses on developing appropriate tests and confidence sets when instruments are weak
but valid, see for instance Hahn and Inoue (2002) and Andrews and Stock (2007), the
present study analyzes and illustrates properties of the distribution of standard coefficient
estimators when instruments may be both weak and invalid.

The analysis of the exact finite sample properties of consistent IV estimators has a long
history. Early contributions are Sawa (1969), Mariano (1973) and Phillips (1980, 1983).
More recent contributions (and further references) can be found in, for instance, Phillips
(2006) and Hillier (2006). Some of our numerical findings illustrate the effects of instru-
ment weakness on the finite sample density of consistent IV estimators, which have been
studied before by Woglom (2001), who focusses on just identified IV estimators, and by
Forchini (2006), who gives further theoretical underpinnings in case of overidentification.
Here, we supplement these findings with illustrations for the case of invalid instruments,
also addressing the yet underexposed effects of conditioning. Apart from providing gen-
eral insights into the consequences of employing invalid instruments, the results might
also provide a stepping stone towards the development of alternative operational empirical
conditional inference techniques in the same vein as is provided in Ashley (2009) on the
basis of inconsistent unconditional just-identified IV and in Kiviet (2013) on the basis of
inconsistent unconditional OLS.

From our simulations we establish that invalid but not very weak instruments yield IV
estimators which have a distribution in small samples that is rather close to the analytic
large-sample asymptotic approximations derived here. Hence, the distribution of these es-
timators is often close to normal, but when inconsistent it has its probability mass centered
around the pseudo-true-value instead of the true value. Even when instruments are weak
and sample size is not too small we establish that the accuracy of the normal conditional
asymptotic distribution is not all that bad, whereas standard large-sample asymptotics of
the unconditional distribution can be very poor, as had already been established for the
valid instrument case. More importantly, though, for both valid and invalid instruments
we also find that when the instrument is weak the probability mass of the actual distrib-
ution of instrumental variable estimators is generally much closer to the true value of the
coefficient than indicated by these much too flat asymptotic approximations. For valid but
rather weak instruments it had already been established that the finite sample distribution
of IV can be skewed, and that it becomes bimodal for very strong simultaneity, whereas for
extreme weakness (i.e. close to underidentification) the dispersion explodes and the median
moves away from the true parameter value towards the probability limit of OLS. We find
that skewness, bimodality and a median away from the pseudo-true-value may occur for
much more moderate weakness and simultaneity when instruments are invalid. Note, how-
ever, that in practice one can easily avoid using weak instruments, since weakness (unlike
validity) can straightforwardly be assessed. Because the invalid IV estimator is reasonably
well behaved for reasonably strong instruments, a tentative conclusion is that it seems more
promising to attempt to produce accurate inference from IV estimators based on strong
(as in OLS) but possibly invalid instruments, than on valid but weak instruments; see
also Kiviet (2013). In the latter case, not only is the standard asymptotic approximation
poor, but also the actual behavior of the distribution of the estimator is rather erratic and
has much larger estimation errors than invalid but strong instruments produce. Thus, even
when its actual behavior could be adequately approximated by alternative weak-instrument
asymptotic methods, this consistent weak instruments based IV estimator may well have
a less attractive actual distribution than an inconsistent one based on strong but invalid



instruments.

The structure of this paper is as follows. In Section 2 we introduce the model and the
statistical assumptions on all instrumental and explanatory variables involved. Focussing
on the alleged overidentified case we consider the generalized IV or 2SLS estimator and
derive its inconsistency and conditional limiting distribution (proofs in appendices) for
the case where all variables are covariance stationary. Next, these results are specialized
for the just identified case, for which we make comparisons with the unconditional limiting
distribution. These explicit limiting distributions are then compared with the more implicit
results of Maasoumi and Phillips (1982), Hendry (1982) and Hall and Inoue (2003). Section
3 contains graphic illustrations of both the asymptotic and finite sample distributions in
specific simple (k = 1) models, and we illustrate the consequences and some advantages
of conditioning. Moreover, we compare the performance of valid and invalid IV with OLS.
The latter uses always extremely strong but possibly invalid instruments. In separate
subsections we examine models with [ = 1 and with [ = 2. Substantial attention is paid to
obtaining a transparent design for simulating the data for these models and instruments
and to establishing any invariance and symmetry properties of the estimators over the
parameter space. Instead of presenting extensive tables, we present a few series of 2D and
3D graphs in print, and we provide dynamic multi-dimensional visualization techniques to
present our findings more effectively via links to the web through animations on a monitor.
Section 4 concludes and conjectures on how to use the obtained results in practice.

2 Model, assumptions and theorems

Before we define our framework in full detail, we will first sketch a broad outline. We
consider data generating processes for variables for which n observations have been collected
in the rows of y = (y1,...,yn)"s X = (21, ...,2,) and Z = (2, ..., z,)". The full column rank
matrices X and Z have k and [ columns respectively, with [ > k; also Z’X has full column
rank. For ¢ = 1,...,n column vector x; contains the explanatory variables for y; in a linear
structural model, which is well-specified in a sense that implies €; = y; — 2.8 ~ I1D(0, c?)
with o, > 0 for a true and unique (3. The [ variables collected in Z will be used as
instrumental variables for estimating the k structural parameters of interest 5 of model

y=XpB+e. (1)

However, not all these instruments are necessarily valid. Some elements of z; may be
correlated with ;. Moreover, some of the z; may only be weakly correlated with some or
all elements of x;, whereas some correspond to (or are spanned by) columns of Z and hence
are extremely strongly correlated with elements of x;. All variables are stationary and we
denote their non-centered second moment matrices as X x/x, Xz x and Xz respectively,
which all three are assumed to have full column rank.

In this framework the generalized instrumental variable (GIV) or two-stage least-squares
estimator of 3 exists and is given by

Bar = X' 2(Z'Z2) 2’ X' X' 2(Z'2) Z'y = (X'X) 7' X'y, (2)
where we introduced the notation

X=710=2(2'2)"7'X. (3)
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Here IT = (Z'Z)~'Z'X contains the OLS coefficient estimates of the first-stage regressions.
The probability limit for n — oo of [y exists and can be expressed as

By = plimBepy (4)
= B+plim[X'Z(Z'2)' 2’ X' X' 2(Z2'2) ' Z'e
= B+ ExzE5 ;22X  Ex2 54,

where ( = o_?plimn~"Z'e = 0_?E(zje;), Vi. Vector (g is also known as the pseudo-
true-value of B4yy,. We shall denote the inconsistency of B, as

BGIV =Pary — B = agE;XH’C, (5)

where we used ¢ ¢ = EX/ZZE}ZZZ/X and IT = plim(Z'2) "1 Z'X = EE}ZEZ/X. Note that
the GIV estimator is consistent (8¢, = ) if and only if II'¢ = 0, so in particular when
¢ = 0 or in the pathological case that ( # 0 but is in the [ — k£ dimensional subspace
orthogonal to the space spanned by the columns of II.

Since Il = [E(Z'Z)| 7' E(Z'X), we may write

X =ZI+V, (6)

where E(Z'V') = O. This establishes (without imposing any restrictions) an orthogonal (in
a stochastic sense) decomposition of X. Only when ¢ = 0 (i.e. when all instruments are
valid) and when Z includes all the predetermined variables from the (here not specified)
complete simultaneous system then (6) would contain all the reduced form equations for
all the endogenous regressors in X. In our set-up, though, where Z may contain invalid
instruments, these will often just be pseudo reduced form equations.

In a similar way as we decomposed X ‘orthogonally’ with respect to the matrix Z, we
may decompose both Z and V' with respect to the vector . Since F(Z'e) = no?( this yields

7 =7 +¢e(, with E(Z'e) =0, (7)

and

V =V +4e/, with E(V'v) =0, (8)

where v = n~'o-2FE(V’e). Substituting these in (6) yields for the regressor matrix X
another ‘orthogonal’ decomposition (now not with respect to Z but with respect to ¢)

X=Z+e)U+V+e=ZI1+V+elU+V)=X+ef, 9)
where X = ZII +V and £ = II¢ + v, with E(X'e) = 0.

Note that for the observations on subject (or at time period) 7, i.e. (y;,x}, 2}), all infor-
mation not conflated with ¢; is embodied in Z] (the components of 2/ which are uncorrelated
with ;) and 7} = z; 11+ 7 (where ¥, contains those components of the pseudo reduced form
disturbances which are uncorrelated with ¢;). The variables in the columns of Z and X are
exogenous (with respect to €). Apart from their columns corresponding with known zero
elements in ¢ and ¢ they are unobservable, and thus Z and X do not establish a feasible
information set. Nevertheless, we will demonstrate that it is viable to derive statistical —
albeit unfeasible — results when conditioning on Z and X. This is useful too, because it
represents the benchmark for the situation where inference is not meant to refer to the



population from which Z and X are drawn, but just to their actual realizations in the
sample.

The above parametrizations and regularity conditions can now be summarized and
formalized in the following framework definition.

Framework A. We have for observations i = 1,....n: (i) the structural equation y; =
7B + &; and the alleged instruments z., with (i1) E(x;e;) = 02§ and E(zig;) = 02¢, where
the k x 1 vector & parametrizes simultaneity and the | X 1 vector ( parametrizes instru-
ment invalidity, whereas (i) the disturbances are mutually uncorrelated and have the fi-
nite conditional moments E(g; | X,Z) = 0, E(e? | X,Z) = o2, E(e} | X,Z) = pyo°
and E(e} | X,Z) = puyot, where X = X — e’ and Z = Z — e('. Moreover, (iv) Vi
E(x;zl) = Yxix = plim,,_,, n ' X'X, E(22]) = X2z = plim,_, . n'Z'Z and E(zz}) =
Yzx = plim,_ . n 'Z'X all have full column rank, and also (v) X'X, Z'Z and Z'X all
have full column rank with probability one.

Note that if {; = 0 for some j € {1,..k} then the j-th regressor in X is exogenous or
predetermined and will establish a valid instrument; otherwise, when £; # 0, the j-th
regressor is endogenous. Likewise, if (, = 0 for some g € {1,...,/} then the g-th column
of Z establishes a valid instrument, and an invalid instrument otherwise. Note that this
framework does not allow that either X or Z or both include lagged dependent variables.
Our major result concerns the asymptotic variance of inconsistent instrumental variables
estimation of 3, conditional on the exogenous variables X and Z (hence, not requiring a
distributional assumption on X and Z). The unconditional asymptotic variance will only
be examined for the case | = k under normality.

In the special case [ = k of (alleged) just identification the above GIV results specialize
to simple IV, i.e.

BIV = (Z'X)"'Z'y, By =B+ 028, BIV =025,/ C. (10)

When in fact Z = X (all regressors are used as instruments), i.e. ( = &, then IV specializes
to OLS, giving

BOLS = (X,X)_IX/.% Bors = B+ UEE;(}X& BOLS = ng)_(}x . (11)

For the sake of simplicity, we start with deriving special results for models with distur-
bances that have 3" and 4" moments corresponding to those of the normal distribution.
Therefore, we also specify

Framework B. This specializes Framework A to the case: ps =0 and p, = 3.

With increasing sample size the estimator 34, tends to 35, instead of 3. Therefore,
in order to establish its limiting distribution we should not focus on \/ﬁ(BGW — ), but
choose a center of the distribution that tends to 5¢;, too, see Rothenberg (1972). The
derivations are relatively smooth if we center at

Brciv = UES;XP/, (12)
where SX’X = S/Z/XSE/IZSZ/)(, P = SE/IZSZ/)(, with

Spz=n"tE(Z'Z) =n"Z'Z + 0% and Spx =n'E(Z'X) =01 Z'X + 02¢¢. (13)

7



Note that plim 3}, o5y, = By For GIV estimators we obtain the following result on its
convergence in distribution (proof in Appendix A).

Theorem 1. In meework B and conditional on the exogenous variables X and Z we
have ”1/2(601\/ — Brarv) o N0, V&), with

VGIV = 0 05(1 —c3+ c4)EX}X + 0o C2EX}XEX/XZX}X

—C4 [EEQ/XEX’XBGIVﬁGIV + BGIVBGIVEX’XEX/X]
+otes(1 —2¢4)% X,X§£ EX,X

+oZes(1 - 205)[2X}X€6G1V + Bant’ Y]

+Hes(1 = 2¢5) — e5 + 02 (Bary Sxx Ban ) Ban Barv

where ¢, = 02¢('Y, ¢, o = CNBary, 3 =EBary, ca=cr—cgand 5 =1 — c3 — ¢y.

The superindex CN of V& indicates that it refers to the conditional limiting distribution
and to the case where the disturbances are "almost normal", because ;15 = 0 and p, = 3.
The limiting distribution of BGW is still genuinely normal when instruments are invalid,
although no longer centered at § but at the pseudo-true-value ¢, When all instruments
are valid (¢ = 0) then 85,y = 8, Bory = 0 and ¢; = ¢ = 3 = 0, giving ¢4 =0and c5 =1,
so that Theorem 1 specializes to the standard result n'/2(3,,, — ) LN (0,0%% X}X) Note
that when ¢ = 0 the asymptotlc variance of BG 7y 1s not determined by the simultaneity &,
because Y/ ¢ = Xxiz2,, ZZ 27X = D550, pe ZE 71%. However, when instruments are invalid
(C#0) then Xz x =Xz 5 +02¢ and Bz = Y57 + 02¢(, thus X, ¢ is now determined
by both ¢ and . When fitting X to Z, while the £’ part of X is not (asymptotically)
orthogonal to Z due to its component £¢’, this does not only lead to the inconsistency, but
also to the many extra terms in the asymptotic conditional variance.

When [ = k and GIV specializes to IV we have C’HBIV = o¥('S, Spx3, (¢ =
o2('Y,!,(, 50 ¢; = c3, ¢4 = 0 and ¢5 = 1 — c3. This leads to substantial simplification,
giving:

Corollary 1. In Framework B for the special case | = k we have that conditional on X
and Z we have n*2(3,, — Brrv) < N0, VEN), with

.. .',
V[?/N = 03(1 — 03)222/1)(22/22}}2 —[(1 - 03)2 — U?CIEE}XEX/XZ}}ZC]51V51V7
where B 1y = B+ 02S,5C and ¢5 = £, = 02T, (.

When all instruments are valid (( = 0) this result specializes to the standard result
n2(3,, — ) 4N (0,025,/vX2 25 %s,) , which is also true unconditionally and for non-
normal disturbances. Since for arbitrary ¢ and ¢ the scalar 02¢'S )¢ can either be positive
or negative, no general conclusions can be drawn on the behavior of V" in comparison
to the reference case 02X, Y4 ,%%,,. Depending on the particular parametrization and
data moment matrices the conditional asymptotic variance of individual coefficient esti-
mates may either increase or decrease, due to & 7& 0 and ¢ # 0. When Z = X, which gives
¢ =¢and B, = By, the resulting VEN = VSN is the same as the formula for the condi-
tional asymptotic variance found for an inconsistent OLS estimator when the disturbances
are (almost) normal, as earlier derived in Kiviet and Niemczyk (2007, 2012).

8



Next, we look at the case where the disturbances may have general 3" and 4" moment
(proof in Appendix B). Let ¢ be a n x 1 vector of unit elements. Upon defining

Yy, = plimn'Zt=plimn'Z1=3%,,,

Yy, = plimn X"t =plimn'X't=%¢,,
we find (superindex C'P indicates conditional on X and Z with IID disturbances following
a Pearson distribution):
Theorem 2. In Framework A and conditional on X and Z we have n"/*(Bgry —Bih.crv) <,

N(0,VEE), where VS is equal to VS, given in Theorem 1, plus two additional terms.
When u, # 3 an additional term is

-/ . .',
(g = 3){olc] X/Xff EX,X +0o 0405[501\/5 EX,X + EX}XfBGIV] +csBarvBarvts

where ¢4y = 02¢'Y,),¢C—CMBgpy and ¢; = 1— & Bgpy —ca. When iz # 0 another additional
term s
psfealoles® ) Dxn &N — oBar Bon Sxné Tog TolesY N80
+H(o285 6 - 0eBan ) (0% = Bany Sxiz) 871552 i)
+Cs [05042)_3});-2)(%56:11/ — 0 BanExBanBan + oocsN g T Sz Barn
"‘(UEEX,Xf — 0 Bar) (03¢ - B,GIV X’Z)ZZ’ZEZ'LBGIV]
tealolea Xy (55, B0 — 085 &5, BarBor +o SesNg, (£ N
+2X}X§Z S(02¢ = SzxBan ) (0% ZX,X JEBGIV)]
+Cs [‘7504601\/2)(@2)(})( o= Bary SxnBarBary + o<csBary Sy, 1P

+Bary Sy S7i5(02¢ — SoxBary) (0L ZX,X e_lﬁczv)]}-

When all the instruments are valid (¢ = 0) this result again collapses to the standard

one, ie. VSL = 02EX}X, which highlights that normality of the disturbances is not a

requirement for the standard normal limiting distribution of BG v
For the special case [ = k& Theorem 2 yields:

Corollary 2. In Framework A for the special case | = k we have that conditional on X
and Z we have n'/*(B,, — B 1) L N(0,VEP), with

a., ..
V]?/P = agchg}XEerE}}Z + Msaacg [ZE}XEZ’LBIV + B2 ’LZ;(}Z]
_ -.I _ .-/ . .. -./
—[(5 - M4)C§ + 205(#305 16[VZX’L -1 +1- O¢ QBIVEX’XBIV]BIVBIV'
where cs =1 — €', =1 — 02,5

It shows that an increase (decrease) in the kurtosis leads to a larger (smaller) asymptotic
variance. Of course, for pu; = 0 and p, = 3 this result simplifies to that of Corollary 1.

In the proofs of the above theorems we employ a lemma which is a straightforward
extension of the simple CLT (central limit theorem): Let v; be a k x 1 random vector

9



such that E(v;) = 0, E(vv}) = V; and E(vv,) = O for i # h = 1,...,n, then n'/?v <,

N(0,1lim,, 00 V), where 0 = n= !> v, and V = n~t Y7 Vi. We employ the following

generalized version:

Lemma. Let w be a k x 1 nonrandom vector and W = (wy,...,w,)" a n X m random
matriz with w; being stationary Vi, whereas the n x 1 vector ¢ = (1, ...,&,)" has mutually
uncorrelated elements for which E(g; | W) =0, E(e2 | W) = 0%, E(e} | W) = ps30® and
E(e} | W) = pyo2. Then for the k x 1 vector v; = w;e; +w(e? — o2) we have E(v; | W) =0,
E(vv) | W) = V; = c?wwi+psod (wiw'+ww)) + (1 —1)oww’, whereas E(vv), | W) = O for
i # h, so that for n™Y23"" v, = n V2 W'e +w(e’e —no?)] a CLT implies that conditional
on W
n'/25 4 N (0, 2w + 300 (S + wSew) + (g — 1)otww’),

where Syny = plimn'W'W = E(ww)) and Sy, = Xy = plimn W = E(w;) Vi,
with ¢+ a n X 1 vector of unit elements.

The principle difference between the conditional approach followed above and the results
obtained in Maasoumi and Phillips (1982) is the following. Instead of simplifying (by condi-
tioning) formula (52) of Appendix A into an expression to which the above Lemma applies
and from which the asymptotic variance directly follows, they substitute (52) in (49) and
then rewrite it as n'/? Hvec[n ' F'F—E(n~'F'F))|, in which H is a k x nm transformation
matrix determined by selection and data moment matrices and parameters, whereas the
random zero mean vectorized object is obtained from the n x m matrix F, which contains
all the n observations on all the m variables (both endogenous and predetermined) from a
multi-equation dynamic simultaneous system with serial correlation. This expression con-
stitutes the control variate that has the same unconditional limiting distribution as a single
equation GIV estimator in which invalid instruments are being used. Next they sketch
how under normality of all the m variables (including any exogenous and predetermined
variables) and exploiting a spectral density matrix its variance could be established. Hence,
they do not provide an explicit formula and only consider the unconditional asymptotic
variance under normality. This also applies to the result in Hendry (1982), who provides
algebraic instructions on how the unconditional asymptotic variance can be computed when
all variables are normal. Note, though, that evaluation of the unconditional asymptotic
variance, like the conditional one, is unfeasible in the sense that it requires substitution of
the values of unobserved parameters.

The results in Theorems 1 and 2 in fact address special cases of Theorem 2 in Hall and
Inoue (2003, p.369). The latter theorem is more general, but more implicit at the same time.
It concerns GMM estimation (both 1-step and 2-step) of a possibly nonlinear misspecified
model and expresses its asymptotic variance matrix in a few model characteristics and a
matrix 2. This matrix, which is left unspecified, is the variance of the limiting distribution
of a k 4 2l vector, say v*, which in our particular setting specializes to

n 22y — XBgry) —nplimn~Z'(y — XBepy )] p
v = n2(nTX'Z - Sxiy) S, plimn T 2 (y — XBeny) | = N(0,Q).
n'2 [(n12'Z) " = 5] plimn ' Z'(y — X Bery)

How €2 should be obtained and whether or not it is supposed to represent the unconditional
or the conditional variance they do not mention. It can be shown, though, that in our model

”1/2(301\/ - ﬁ;,GIV) = E;X ( " I, Yxiz )U* + 0p(1), (14)
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and thus the conditional asymptotic variance of GIV that we obtained can indeed be
expressed in Yz y, Y7z and Q (which we did express for our linear model explicitly in
Yzx, Bziz, & C, pg, py and 2). The added value of our results is that some general
conclusions could be drawn on the joint effects of simultaneity, instrument invalidity and
disturbance kurtosis on the limiting distribution of GIV and, because they are explicit in
parameters and data moments, they allow to depict the numerical effects of those various
characteristics, as we will show in the next section.

When [ = k and the data are IID, it is relatively straightforward to generalize the result
by Goldberger (1964, p.359) on inconsistent OLS and obtain the unconditional limiting
distribution of the IV estimator when some instruments are invalid. Subtracting from all
components in the model their unconditional expectation, and thus removing the intercept
(if present) from both the model and the set of instruments, the remaining regressors all
have expectation zero. Still using the same notation for the model (although it may now
have one regressor less), we consider also the alternative model specification

y=XpB+e=Xp +u, (15)

where u = ¢ — X[3;,,. Because now E(z;) = 0, we have E(u;) = E(e;) — E(x))5,, = 0,
and also 02 = E(u2) = 0%(1 — 2876 + By SxxBry, E(usuy) = 0 for i # j, whereas
E(zu;) = 02— E(%2)) By = 02 =Xz x v = 0. Thus, the instruments Z are valid in this
alternative model specification, whereas for [ > k this would not generally be true. Ashley
(2009) derives the variance of the unconditional limiting distribution of the IV estimator
of 87y, which in the general IID case involves a great many fourth order moments. He also
shows how it simplifies when all regressors, instruments and the disturbances are normal,
in particular when [ = k = 1. This latter case we will examine more closely in the next
section.

3 Illustrations

To illustrate the analytical asymptotic findings obtained in the foregoing section, we will
calculate the various formulas for particular models and show the corresponding normal
densities over relevant parts of the parameter space. In addition, we will simulate these
models and depict the empirical density of the estimators to check the relevance and accu-
racy of the first-order asymptotic approximations in finite samples. We will also compare
IV and GIV estimators (using possibly invalid and possibly weak instruments) with OLS.
The latter estimator always uses extremely strong instruments that at the same time are
invalid in case of simultaneity.

The limiting distributions obtained in the foregoing section are all of the generic form
n'2(B — B%) % N(0,V) and they imply a first-order approximation to the distribution of
B in finite samples which can be expressed as

BENB+ B0 V). (16)

This entails a first-order asymptotic approximation to the bias or mean error of B equal to
B = " — 3 and to the mean squared error (AMSE) given by

AMSE(3) = n 'V + 5. (17)
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The actual values of 3 and of (the square root of) AMSE(S) can be computed for any
n and any given values of the model parameters and relevant data moments. To find
out how accurate the first-order asymptotic approximation (17) is, it should be compared
with corresponding Monte Carlo estimates obtained from a series of realizations of 3 in
simulated finite samples. However, these cannot be achieved in the standard way when
B does not have finite first or second moments in finite samples, as is the case for GIV
when [ — k < 1. Then, irrespective of the number of Monte Carlo replications employed,
the sample moments from Monte Carlo experiments are not informative as they do not
converge. Appropriate alternatives for the mean error and for the root mean squared error
are then the median error and the median of the absolute error.

For a scalar estimator 3 of # the median error ME(B) and the median absolute error
MAE(j3) are defined as

Pr{| 5 — B |< MAE(3)} = 0.5.

From a series of R independent Monte Carlo realizations B(T) (r = 1,..., R) we estimate
ME(j3) by sorting the values (B(T) — () and taking the median value, and similarly for

MAE(3), taking the median of the sorted | B(T) — | values. Of course, AMSE(f) is not
the natural asymptotic counterpart of the Monte Carlo estimate of MAE(B ). We assess the
(scalar) asymptotic version AMAE(S) of MAE(B) in the following way. Let the CDF of
the normal approximation to the distribution of B — [ be indicated by ® B’UB(:U). Then, for

m = AMAE(S), we have

05 = Pr{|f—gl<m}=1-Pel| #— 5 |>m)
= 1-Pr{f—-8>m}—Pr{B—-8<-m}
= Pr{B—-B<m}—Pr{B—p<—m}

=5, (m) =D, (-m),

so that we can solve® m from

., (m) = 0.5+, (~m). (19)

Below we will examme the empirical finite sample distribution of scalar BG ;v and com-
pare it with BGW S N(B+ Barys _1VGIV) In addition, for various estimators 3o, (in-
cluding 3, and B, ), we examine MAE(B4;,,) and compare it with AMAE(3;,) over
almost the entire parameter space of two simple classes of models. Employing normally
distributed disturbances*, we examined these models under Framework B only.

3.1 A simple just identified model

We commence by considering the most basic example one can think of, viz. a model with
one regressor (k = 1) and one instrument (I = 1), which is either weak or strong and

3Since m = @;L (0.5 + @5 aﬁ(—m)], we employed the iterative scheme, mg = 0, m;;1 = @gl [0.5 4+
EE] ’ 93

P %(—mi)] for i = 0,1,... until convergence. When 3 = 0 no iteration is required since m = @&},B (0.75)
conforms to the quartile.

4This document contains a few series of graphs only; more complete and animated pictures are available
via the web, see https://sites.google.com/site/homepagejfk/
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possibly invalid. The two variables x and z, together with the dependent variable y, are
supposed to be jointly IID with zero mean and finite second moments. Hence, the variables
are stationary and our Theorems 1 and 2 apply. This model has often been examined in the
past. Recently in Woglom (2001) and Hillier (2006), and for [ > 1 in Bound et al. (1995)
and Hahn and Hausman (2005). Though, only the latter two papers consider (locally)
invalid instruments.

We first evaluate the relevant expressions for the conditional limiting distribution given
in Corollary 1. In the model with £ = [ = 1 we can simplify the notation considerably, by
writing o2 for Yx/x, 04, or p,. 0.0, for Lzx, etc. Using ¢ = 0../0% and £ = 0,./0? we
obtain

P * 2y—1 0 ze Pze Oc
= — = E / == == — 20
Brv Brv — B =0X7xC Tor  Pon O (20)
_ 1 o,0 PseP
_ 21 1 _ zevxe _ Mzelaxe
03 — Jeg ZZ/XC — o-_g O_xz — pmz
4 e 44150 —1 ~1 2 02 203
BrvXxixBry = 0.0NxYxxXxi,( =05~ = 0.,
giving in the case where the disturbances are (almost) normally distributed
vCN _ 0-_? (]‘ B pga)(pxz — pzapxa)2 + pzzls(]' — pie) 21
v= -2 ol . (21)

The expression for the inconsistency [3 ;v shows that its sign is determined by the sign of
0.2/ Pss, Whereas its magnitude is inversely related to the strength of the instrument, cf.
Bound et al. (1995). VS is unaffected by the signs of p,., p,. and p,, as long as the sign
of the product p,.p,.p,, remains the same, or when either p,, or p,, is zero. Self-evidently,
VSN diverges for p,, approaching zero.

For this simple model we find from Ashley (2009, formula 15) for the unconditional
asymptotic variance under normality

VUN — 0-_? (p;tz — pzapaze)Q + ,035(1 — pis) (22)
v - o2 p4 )

which makes immediately clear that the conditional asymptotic variance (21) is smaller if
p.. 7 0, as expected.

We now set out to design the Monte Carlo. Without loss of generality we may focus in
this model on the case = 1. This is just a normalization and not a restriction, because we
can imagine that we started off from a model y; = B#xf + ¢;, with g% # 0, and rescaled
the explanatory variable such that x; = xf / B,

An important characteristic of the model is the signal-to-noise ratio (SNNV), which is
taken as 5 o )

SN =27 _ = (23)

2 2
oz =

From (20) and (21) we find that V§Y and 3 are proportional to (the square root of) the
inverse of SN. In fact, after the normalization 5 = 1, in this simple model the approximation
to the distribution of the IV estimator B v N (B+ B ,n 1VEN) is completely determined
by n and the four model characteristics p,,, .., P, and SN.
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Next, we focus on obtaining an appropriate data generating scheme for this model to
be used in the simulations. In the notation of Section 2 it is given by

Yi = P+ &
Zi = Zi -+ CEi

where ¢ and ¢ are scalars. In order to obtain (e;, z;, 2;)" ~ IID(0, ), with appropriate
3 x 3 covariance matrix €2, we can first generate v; = (v; 1, v;9,v;3)" ~ IID(0, I3) and then
parameterize as follows:

& = 0gVin,
T; = U509,
Zi = QUi+ Q3v; 3.

This provides full generality. The coefficient a; determines o2, whereas E(Z;e;) = 0, as it
should. Also E(z;e;) = 0, and oy and a3 enable any correlation between z; and Z; and any
value of o2. The above implies

E; O¢ 0 0 Vi1
z | =Y, = 0.6 au 0 via | - (25)
Z4 0. oy o3 Vi3

Note that the zero elements do not entail restrictions on €, because Q2 is non-unique
and a lower-triangular form with positive diagonal elements can be found for any positive
definite €.

In this simple model with £ = [ = 1 we have

Z Zily Z Zﬂi’

which clarifies that, irrespective of the sample size, the distribution of B ;v 1s invariant to
the scale of z;. We may also change the sign of all the z; without affecting i ;v- Therefore,
we may restrict ourselves in the illustrations to cases with p,, > 0 (the case p,, = 0 leads to
underidentification and was already excluded in the assumptions). Since the distribution
of B v — [ becomes just its mirror-image when all z; are changed in sign, we shall also
restrict ourselves to cases where p,. > 0, because of the following reasoning. The value of
P, 1s invariant to changing the signs of all z; and z; values. Hence, for any value of p,, > 0
the distribution of 3, — 3 for p,. < 0 and arbitrary positive or negative value of p,, is
equivalent with the distribution of —(B v —B) for —p,. > 0 and —p,.. It is also obvious
that o, and 0. do not affect the distribution of @ v separately, but only through their ratio.
Hence, without loss of generality, we can impose some genuine equality restrictions on the
6 parameters of 2. For these we choose

o. = 1, (27)
o2 = C+ai+ai=1 (28)

z

By (27) we normalize all results with respect to o., and (23) simplifies to

SN = o2 (29)
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Because any GIV estimator is invariant to the scale of the instruments (only the space
spanned by the instruments is relevant) we may impose (28), which will be used to obtain
the value

az = [(1-¢* = ad)"?[, (30)

where, without loss of generality, we may stick to positive values for as as long as v; 3
is symmetrically distributed. For similar reasons we would get observationally equivalent
data realizations if both a; and as would be changed in sign. Therefore, below we will
restrict ourselves to just positive values for both a; and as.

The above yields the following data (co)variances and correlations:

02 =¢+a? o2=+2+1+03
Ua:azg —f/vf +a1 (31)
UZ&ZC pzs

=&+ ajay §<+041042 /NVE +al

Note that these, after the normalizations § = 1, 0. = 1 and o, = 1, depend on only
4 free parameters of the data generating process (DGP), viz. &, (, a; and as. As we
already established, the expressions for inconsistency in (20) and asymptotic variance (21)
evaluated under y; = 0 and g, = 3 (the 3" and 4" moment of v; ;) depend on just four
characteristics too, viz. on p,., p,., p,, and SN = 2. The latter four can be used in this
simple model as a base for the Monte Carlo design parameter space, since they determine
the parameters of the DGP through the relationships

C=Poes
5 = pIEEO-$7
a1 = Oy |(1 - /09255)1/2| ) (32)

Qg = (pxz - pzepzs)/ ‘(1 - pie)1/2

Y

from which as follows directly via (30). This reparametrization® is useful, because the
parameters p,., p,., P,, and SN have a direct econometric interpretation, viz. the degree
of simultaneity, instrument (in)validity, and instrument strength, whereas SN is directly
related to the model fit, which can be expressed as SN/(SN + 1). We prefer to avoid to
use the ‘concentration parameter’ as one of the relevant characteristics of this model in the
present context, because this concept refers exclusively to the case where all instruments
are valid.

From the above it follows that by varying the four parameters |p,.| < 1,0 < p,. < 1,
0<p,, <land 0 < 02/(c2+ 1) < 1, we can examine the limiting and finite sample
(un)conditional distributions of ] ;v over the entire parameter space of this model. Note,
however, that not all values of these parameters will be admissible. For example, when p,,
is large and p,. is small, this cannot be Compatlble with p,. being very large. Moreover,
o, has just an effect on the scale of 3 v, VEN, VY, and ﬁ v — B, so we may choose just one
fixed value for o, and from these findings the results for any value of o, can be obtained
simply by rescaling. In our calculations and simulations we will fix SN = 10, yielding a
population fit of the model of 10/11 = 0.909.

In the simulations we took v; ~ IIN (0, /3) and used 2,000,000 replications. From
the results we may expect to get quick insights into issues as the following. For which

For more background regarding the role of the simulation design parameter space and its relationship
with the data generating process parameter space see Kiviet (2011).
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combinations of the five design parameter values is: (a) the actual density of 3 ;v close
to normal (symmetric, unimodal, etc.), (b) the actual median of 3, close to 8%, (c) the
actual tail behavior of B ;v reasonably well represented by that of the asymptotic normal
approximation, and (d) how does the magnitude of the actual estimation errors depend
on the design parameters. Hence, we will assess the correspondences and differences in
shape, location and spread of the asymptotic and the empirical distributions, both for the
conditional and the unconditional distributions. Since in this just identified model the IV
estimator does not have finite moments, we know that even if the instruments are valid, the
asymptotic approximation will not capture the fat tails of the finite sample distribution.

For our results on the simulated conditional distribution only one arbitrary draw of the
series v; 9 and v; 3 has been used. However, because such a single random realization will
not yield two series which have an actual sample correlation of zero and a sample variance
of one, this implies that we would loose full control over the actual values of SN and of
the strength of the instrument. We overcame this problem by transforming these single
draws of two n-element vectors v; by replacing one by its residuals after regressing on the
other and by normalizing them, such that they obtained zero sample mean, zero sample
correlation and inner-product n. Naturally, when establishing the conditional asymptotic
distribution by evaluating j3 v and VY, one has to replace o,. by 7'z/n + 02§ and o2
by #'Z/n + 02¢%. Due to our transformation of the v; series 7’7 = a2vhvy = na? and
likewise T'Z = najas yielding exactly the same numerical values for o,, and o2 as for
the unconditional case. Therefore, the assessment of the standard asymptotic distribution
when p,. = 0 will be the same for the conditional and unconditional case, which would not
occur for untransformed single realizations of z and z; and, for p,. # 0, our "standardized"
results will underexpose the effects of conditioning.

In order to find out how accurate the first-order asymptotic approximations are, actual
values of 3, and of AMAE(f,,/) can now be calculated for any set of compatible values
of n, pre, Poes Py, and 0,, and they can be compared with corresponding Monte Carlo esti-
mates obtained from 3} realizations in simulated finite samples. Before we present these
summarizing characteristics, we will first examine the actual density functions themselves.
The Figures 1.1 through 1.4 consider p,, = 0.8, 0.4, 0.1, 0.02 respectively. Each figure
contains for n = 50, 200, 2000 a set of 8 panels, so 24 in total. The 8 panels depict in two
rows densities for the four cases p,. = —0.3, 0, 0.3, 0.6, with next to each other results for
p,. =0 and p,. = 0.2 respectively. All these panels present three or four densities, viz. for
the actual empirical conditional distribution (solid line), for the unconditional finite sam-
ple distribution (dashed line) and for the available asymptotic approximations. For these,
either both the conditional and unconditional distributions are available and equivalent
(then we use circles), or if different and available the conditional asymptotic distribution
(squares) and the unconditional (diamonds) are presented separately. These asymptotic
distributions have been taken as 3,,, ~ N (8+ 3;,,,n V), where V is given by (21) or (22)
respectively.

In Figure 1.1 p,, = 0.8, so the instrument is far from weak. The panels in columns 1
and 3 have p,. = 0, i.e. the instrument is valid and the standard asymptotic result applies
for both conditional and unconditional distributions. In columns 2 and 4 p,. = 0.2, i.e. the
instrument is (mildly) invalid, hence the IV estimator is inconsistent and the asymptotic
approximations differ for the conditional and unconditional cases. From Figure 1.1 we find
that for a relatively strong instrument the resemblance between corresponding actual and
approximated distributions is quite remarkable even for sample sizes as small as n = 50,
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but for the sample sizes considered we already note some differences between conditional
and unconditional distributions when p,. # 0. In Figure 1.2, where p,, = 0.4, we note that
due to the weaker instrument the actual distributions display some skewness, especially
when sample size is small, except for p,. = p,. = 0. By its very nature, such skewness
is completely overlooked by the first-order normal approximations. Hence, although any
inconsistency and the dispersion of the actual distributions (which both increased due to
the weaker instrument) are quite well approximated, the actual behavior in the tails of the
distribution may be over or under stated by standard asymptotic approximations. In Figure
1.3 where the instrument is weak we note more pronounced skewness when both p,. # 0
and p,. # 0. The actual unconditional distribution is approximated well only for a really
large sample. On the other hand, especially when p,. > 0 and p,. > 0, the conditional
asymptotic approximation is remarkably accurate. For a much weaker instrument, Figure
1.4 shows that even for large sample size the actual distributions may become bimodal,
unlike their normal first-order approximations. Only for p,. = 0 and p,. = 0 the standard
asymptotic approximation captures the actual conditional distribution very well, even when
the sample size is small. When the instrument is invalid and the sample size gets larger
the approximation of the conditional distribution is found to be better than that of the
unconditional one. When the instrument is very weak, whether valid or not, the actual
distributions become so widely dispersed and wrongly located that they compare very
unfavorably with that of a much stronger instrument, even if this were not valid.

The magnitude of the (median) bias of consistent IV and of OLS in relation to the effects
of weakness of the instrument has been analyzed by many authors, see Sawa (1969) and
(further references in) Hillier (2006). From Figure 1.4 we find that when the instrument is
both invalid and weak then the finite sample distribution of the inconsistent IV estimator
(both conditional and unconditional) is not centered at the pseudo-true-value. Surpris-
ingly, it is often quite close to the true value (also when the instrument is not so weak),
whereas the distribution becomes bimodal when the instrument is very weak. Maddala and
Jeong (1992), Woglom (2001), Hillier (2006) and Forchini (2006) show that bimodality of
the unconditional consistent IV estimator occurs for much more severe simultaneity than
examined here, viz. for p,. = 0.99, whereas Phillips (2006) shows that it is omnipresent
in the simple Keynesian model where simultaneity is always severe. We find that the con-
ditional distribution may be bimodal for much smaller values of p,.. For moderate degree
of simultaneity our findings also suggest that using instruments that are both weak and
invalid may lead to bimodality in small samples, irrespective of whether one conditions or
not.

From Figures 1.1 through 1.4 we conclude that, irrespective of whether the instruments
are valid or not, one should avoid to use standard first-order large sample asymptotics
when instruments are really weak. If one replaces the weak instrument with a strong one
that is invalid (which is always possible by reverting to OLS), one obtains an inconsistent
estimator, such as depicted in the p,. = 0.2 columns of Figure 1.1. Not only are asymp-
totic approximations very accurate here, but also the actual distributions are much better
concentrated around the true value than that of the consistent estimators depicted in the
p,. = 0 columns of Figures 1.3 and 1.4. For n = 50 most of the inconsistent IV estimates
for p,. = 0.2 and p,, = 0.8 fall within the (0.9, 1.2) interval for all examined values of p,,,
whereas this range is close to (0, 2) for the consistent estimates when p,, = 0.1.

A wider picture of the major findings from Figures 1.1 through 1.4 on the conditional
distribution will be given now by scanning the median absolute error over almost the full
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parameter space of this simple model. Figure 1.5 provides an overview in 16 diagrams of the
(in)accuracy of the asymptotic conditional distribution of IV as an approximation to the
actual conditional distribution in finite samples. Each of these diagrams (based on 50,000
replications) cover all compatible positive values of p,. and p,,, and relate to a particular
relatively small sample size, viz. n = 20, 50, 100, 200, and a particular discrete value of p,_,
viz. p,. =0, 0.1, 0.3 and 0.6. The accuracy is expressed as log]MAE(j3,y,)/ AMAE(j3,,,)].
Hence, positive values (yellow-amber, or light grey) indicate larger absolute errors in finite
samples than indicated by the asymptotic approximation and negative values (blue, or dark
grey) indicate that standard asymptotics is too pessimistic about the absolute errors of B v
in finite samples. This log-ratio is invariant regarding the value of SN = 02 /02. We find
that the approximation is quite good, even for n = 20, as long as the instrument is not
very weak.

Figure 1.6 examines log]MAE(S3,,¢)/ MAE(B})], which is also invariant with respect
to SN. It shows that in finite samples the absolute estimation errors committed by OLS
are larger than those of IV only when p,_ and p,, are both large. Of course, the area where
IV beats OLS gets smaller for larger p,.. We also note that OLS may beat IV by a much
larger margin (when the instrument is weak and the simultaneity not so serious) than IV
will ever beat OLS (which happens when the instrument is strong, the simultaneity serious,
and the instrument not severely invalid).

3.2 A simple overidentified model

The model of the above subsection can be extended such that we have two instruments
zi1 and z;9, i.e. | =2 and ¢ = ((y,(,)". First, we examine by which minimal set of data
moments the limiting distribution is determined in this model. Again we assume that all
variables in the regression have been scaled such that 8 = 1 and 2 = 1, whereas the
instruments Z have been transformed such that 37/, = I (while still spanning the original
subspace). Such an orthonormal base for this subspace is nonunique, and without loss
of generality we may choose one in which only z;; is possibly correlated with ¢;, so that
(5 = 0. This implies that

-1
ZX’ZZZ/ZZZ/eZ = Oge = Oz202¢e = plepzlso-x7 (33)

where, of course, p, . = ;. Now the various entries in the formula of Theorem 1 specialize
to

Syx = o3>0, (34)
_ 2 2 2
ZX’X = 03 = Pgi0y > 07
; - _ Ot PunPyc0c  Pusil
_ 2 1 1 _ Yae  FPazFPzie¥r _ FPxzilFze
Barv = UeZX,XZX’ZZZ'ZZZ’a -2 = 2 2 2 )
0% px:ﬁo—x p(L’(Z'Ux
2 —1 2
€1 = O-EZE/ZEZ’ZEZ/‘S - pz1€’
)02 p2
— 2 -1 -1 -1 2 _ FPrzilPze
€2 = UsEE’ZZZ/ZZZ’XEX/XZX’ZEZ'ZEZ’E =Pie = — 3
pmﬁ:
- % o o PrePic0x - PrePie - pzep:vzlpzle
3 = XexBarv = = = ,

2
Oz Pz Pz

from which ¢4 and c¢5 readily follow. From the above we conclude that the limiting distrib-
ution of Theorem 1 is fully determined by (and varies with) the 5 data moments: o, p,;,
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Pee> Poe and p,. . However, in the special case p, . = 0 the minimal set of parameters is
just one dimensional, because p,,0, suffices. For the general case we find

VON o? e 1 2 2 T2 94 4 3 35
GIV — ngij ( _pzls)—i_pzﬁp_?ci—i_pzlspzzlme—i_ pz1€pI21me ( )

2 2 2
05 4 IOIZ 2 Ioacz
1-— L 1—-2 1-— L
+J§:Pii«p215 ( Pim) [ Pae ( /0925@ >} 7

Y1 = pgle - 2px€pmz1<1 + 10315 - 2p215) - p:%:zl (pzls - 5p215 + 2p218)7
Yo = pie + 4pz1510mspxz1 - 4p§15[1 + 3pz16pxsple - pia + pi’zl (1 - lee)L
V3 = 2 — (pxa - pzlapxz1)<3pa:5 - pzleple)'

where

Note that this variance is invariant to sign changes of the correlations as long as the sign
of p,,.py-Ps., is not affected, or when either p,. or p_ _ is zero. The sign of the inconsistency
BG rv is determined by the sign of p, .p,. . For given values of p,; and p,_ . the magnitude
of Bapy is a multiple of Pz s 80 it will be large when the invalid instrument is relatively
strong. For the special case p,., = p,;, i.e. the second instrument is orthogonal to x, the
variance formula specializes to

O-_g (1 — pglé)(pwn — pzwp:ca)z + pzzllg(l - P?;E)

2 4
0% ple

(36)

which, not surprisingly, corresponds to (21).

Next we examine whether, apart from n, the same number of parameters is required to
obtain in all generality the finite sample distribution of GIV by generating the appropriate
data processes. For that purpose the schemes (24) and (25) can be extended as follows.
Let now v; ~ IID(0, 1;). Again we take ¢; = v;; and, again restricting ourselves to positive
aq for symmetrically distributed v;, we have

T = Ui+ iU,
= 0ulppevin + (1= p2)?| vial, (37)

with o2 = SN (this is all similar to the earlier example with [ = 1). Now, however, we have
to compose the [ = 2 instruments as

Zi1 = (Vi1 + Qa2 + a3V, 3 + Qv 4,

Zia = (Uil + asU;2 + gU; 3 + Q7v; 4.

These entail full generality, because they allow both instruments to have any correlation
with the disturbance ¢;, any correlation with the regressor x;, and any mutual correlation.
Since it is only the space spanned by these two instruments that matters for BGW, we
may replace z;2 by a linear combination of z;; and z;2 such that it no longer depends
on v, ;. This corresponds to taking (, = 0 and re-interpreting as, as and «7. Hence, the
general case of two possibly invalid instruments can be represented fully by that of one
valid and one possibly invalid instrument, as we already argued above from the asymptotic
perspective. Now we can perform a similar operation with respect to z; 1, such that we may
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impose a4 = 0. Next, rescaling the instruments such that they have unit variance leads to
the generating schemes

ZZI—C1U21+052U12+| 1-(1 - 1/2‘%3; 38
o~ a2)l (38)
212—0551}12—’_056@23"'_{1 Qg — ag |Uz4

Due to the symmetry of v; generality is maintained when we restrict ourselves to cases
where particular coefficients are nonnegative. This extends to as and a5, because the
space spanned by the instruments does not change by multiplying all elements by —1,
yielding

OSO[QSLOSOZ5§1. (39)

We also maintain full generality by imposing zero covariance on the two instruments, which
implies asas + ag(1 — 2 — a2)'/? = 0, from which we find

ag = —aas(1 = ¢} —a3) 2. (40)

So, for given values of 0., p,. and p_ . = (;, we would be able to generate data according
to (37) and (38) if we also knew s and as.

The asymptotic overall strength of the two instruments can be controlled by the popu-
lation R? of the regression of x on Z = (2, z3), which is

DINPL I JP
R, = BEELa (a1)
Note that ) ) )
DI I ST .
2, = Ceripgieel 00 g2 (12)
O_xo—j Jz
and, since we imposed Y7z = I, we have
EZ"ZEZ/.Z
Pre = — 3 = Pan (L= P03,
ple = pxspzla + }(1 - p:z:s 1/2| 25
From these we can express the (nonnegative) values of a5 and ay as
2 2 1/2
Pzi — Pz
|
and
Przy = PrePzie
2= T )i | (49)

from which ag follows directly by evaluating (40).

Hence, we can scan the finite sample distribution of GIV for this class of model for any
n over its entire parameter space by simulating data for all compatible values of 0., p,;,
Puer Puzy and p, . Here again, these are found to be the data moments that characterize the
asymptotic distribution. They determine & and a; as in (32) and as, a5 and ag via (44),
(43) and (40), respectively. We may restrict ourselves to cases where p,, > 0 (since the
coefficients of the simulation design are just determined by p2.). Note that the coefficients of
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the data generation process, notably aw, are unaffected (thus yielding the same distribution
of Bgpy) if both p... and p, . are changed in sign. Therefore, we will only examine cases
with p,. > 0. However, we shall also just examine nonnegative values of p, ., because when
the distribution of € is symmetric changing the signs of both p_ . and p,. yields the mirror
image of the distribution of 34y In line with the just identified model the distribution of
Bary — B for p.,. < 0 is equivalent with the distribution of —(Bapy — B) for —p.,. = 0 and
—pP.e, because: If we change the signs of p, ., p,. and all ¢; then the variables x;, 21, 22
and thus Z; remain the same, whereas By — 8 = . 465/ 3. 42 changes sign.

In the special case that no instrument is invalid we have (; = p, . = 0 in (38). Thus
full generality is maintained by making z; » independent of v; 3, giving o = 0, and zero
covariance of the two instruments implies now asas = 0. Hence, we may choose a5 = 0,
resulting in the simplified generating schemes

zi1 = aguin + (1 — a)/?

2i2 = Ui 4.

Vi3, (45)

These imply p,., = p,; and ag = |p,:(1 — p2.)7"/?| instead of (44). Hence, when ¢ = 0 the
finite sample distribution is determined by just 3 parameters (viz. o,, p,. and p,;) instead
of 5 (apart from n), whereas the limiting distribution just depends on 02 = p?.02.

In all calculations we again fixed SN = 10 (which here too has only a multiplicative
effect, i.e. just affects the scale of the densities). For the conditional distribution we used
the same draws for v;» and v, 3 as in the previous example, and added a v;4 and used
the same strategy regarding normalizing and orthogonalizing them. Since | — k = 1, GIV
does have a finite first moment now, and for [ > k we do not have an explicit formula
for the unconditional asymptotic variance when p_ . # 0. Figures 2.1 through 2.4 present
illustrative densities for p,, = 0.8, 0.4, 0.1, 0.02 respectively. Again we examine n = 50,
200, 2000 and as before we chose values p,. = —0.3, 0.0, 0.3, 0.6 and p,,, = ¢; = 0.0,
0.2, whereas we fixed p,, = p,;/2. Hence, z; provides half of the joint strength of the
instruments, and we omitted cases where p,, = p,; (and p,., = 0). Although we already
established that the latter cases yield similar asymptotic results as obtained for k =1 =1,
from the simulations we found that the finite sample densities do differ slightly from the
"no finite moments" case, and more so for a weaker instrument z;.

Figure 2.1 shows that for strong instruments the available asymptotic approximations
are reasonably accurate, but slightly less so for small sample size in Figure 2.2 where
the instruments are weaker. For really weak instruments we note from Figures 2.3 and
2.4 that the asymptotic approximations for the conditional distribution are very accurate
when p,. = 0, but are much too pessimistic regarding the inter quartile range otherwise.
Forchini (2006) suspects bimodality in the overidentified model when the instruments are
valid but weak; for p_,, = 0.02 we establish that to be the case, especially for the conditional
distribution, and also for the unconditional distribution when there is an invalid instrument.
When both instruments are valid and p_, = 0.02 the [ = 2 case produces estimators which
are substantially more efficient than the corresponding [ = 1 estimators in Figure 1.4. This
seems at odds with the findings in Donald and Newey (2001) which suggest that efficiency
benefits when weak instruments are discarded. Note, however, that their analysis assumes
that the number of instruments grows at a smaller rate than the sample size, whereas in
our experiments the number of instruments is fixed.

Finally, we look again at median absolute error results. Figure 2.5 gives for this model
a more global impression of the remarkable accuracy of the conditional asymptotic approx-
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imation even in very small samples. However, the approximation is much too pessimistic
about the actual estimation errors when overall instrument strength p_. is very low and
simultaneity p,. severe, the more so for serious instrument invalidity p, .. Figure 2.6 makes
comparisons with OLS. We note that, especially in the presence of invalid instruments,
there is much scope for OLS to produce smaller estimation errors than GIV. Anyhow, our
simulation results do not generally support the conclusion by Hahn and Hausman (2005)
that 2SLS is the preferred estimator when n > 100 and p2, > 0.1. They arrive at this
conclusion by comparing second-order asymptotic approximations to MSE, whereas ours
are obtained from simulating the actual distributions.

4 Conclusions

The asymptotic variance of a consistent method of moments estimator for the coefficients of
a linear model does just involve the variance of the disturbances and an expression involving
population data moments. For these moments consistent estimates obtained from the sam-
ple data are being substituted when estimating this variance. Usually, it is inconsequential
whether or not one considers exogenous regressors as fixed or as random realizations. For
models where all observations are IID we demonstrated that when the estimator is inconsis-
tent due to exploiting invalid moment conditions, a relevant random vector series (to which
the central limit theorem can be applied in order to obtain the limiting distribution) has
elements which are no longer linear but quadratic in the disturbance. Therefore the asymp-
totic variance also involves third and fourth order moments of the disturbances. Moreover,
conditioning on exogenous variables generally has consequences for the variance expression
of the limiting distribution of inconsistent estimators, which, although still normal, are
now centered at the pseudo-true-value (true coefficient plus inconsistency). It remains a
challenge to generalize the explicit results obtained here for IID data and IV estimators,
to time-series models and GMM estimators, such as for dynamic panel data models.

We examined the accuracy of our analytic large sample results by comparing them
with the simulated actual behavior of instrumental variable estimators in finite samples.
Through a reparametrization of the structural and reduced form coefficients into para-
meters that directly express the degree of simultaneity, the degree of (in)validity of the
instrument(s), the strength of the instrument(s) and the signal-to-noise ratio of the model,
and by condensing the numerical results into graphic displays, it proved possible to pro-
duce a rather complete taxonomy of the behavior of the examined instrumental variables
estimators over their full (but low dimensional) parameter space.

There is a quickly expanding literature on the shortcomings of standard large sample as-
ymptotic approximations to the distribution of IV and GMM estimators and tests when the
sample size is small or moderate and some of the instruments are weak but valid, and how
alternative and better approximations could be obtained. The present study shows that it
is possible to obtain an explicit large sample asymptotic approximation to the distribution
of method of moments estimators, also when some of the exploited moment conditions
are invalid. Not surprisingly, however, that approximation is found to be vulnerable too,
when instruments are weak. One option now would be to replace it by an approximation
that aims to cope with weakness of instruments. However, our illustrations also suggest an
alternative approach in which the employment of weak instruments, which in general yield
unattractive biased estimators with widely dispersed and often bimodal distributions, is
abandoned altogether. We have shown that exclusively exploiting strong instruments, even
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if these constitute invalid instruments, often yields much smaller absolute estimation errors
in comparison with those obtained on the basis of weak instruments. For that situation we
have produced here a very accurate approximation to the finite sample distribution. But, to
render this approximation feasible one requires information on the simultaneity parameter &
and the instrument invalidity parameter (. That seems hard to obtain, and if such informa-
tion was available other estimators than those obtained by minimizing an (in)appropriate
method of moments criterion function might be better for producing accurate inference
on the coefficient . However, the now available explicit though unfeasible conditional and
unconditional asymptotic distributions of possibly inconsistent estimators can always be
used to produce a sensitivity analysis of OLS or IV inference under alternative assumptions
regarding the degree of simultaneity and of instrument invalidity.
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A Proof of Theorem 1

Centering around 3, 5y defined in (12) we obtain

\/H(BGIV - 52,@1{/) = \/ﬁ[(X/X) 'X'e - UESX,IXP ¢l. (46)

To find the limiting distribution we shall rewrite the right-hand side of (46) such that we can invoke the
Lemma given at the end of Section 2. Below we first show that (46) can be rewritten as

\}E[W6+w(55—na )] + 0,(1), (47)

for appropriate n x k matrix W, with E(W'e) = 0, and nonrandom & x 1 vector w. Invoking also a theorem
often attributed to Cramér, the Lemma then yields

N 1 ., -
Vn(Barv — 52,01\/) = (EX/X)

5 . 1 _
VuBarv = Brarv) 4N {0 R IPTN <th ~W'W + QUEWW') EX,X] ; (48)

n—0o0

upon assuming s = 0 and py = 3.
We first set out to rewrite (46) in the form (47). We easily obtain

ViBary = Brarv) = VaX'X)THI(Z'e = no2() + nolll'¢ — 02X’ XS] P'(]
Loyoy 1 =)o 1,
= (EX'X)*%{H’[Z% + (e —no?)¢] + no? [l — fX ‘XS PICH (49)

For the second expression between square brackets in the final line of (49) we find

1. _
H —_ 7X XSX}XSX/ZSZ/Z

1 1
(Syy — ;Z’Z)SE,Z + (X7 - 1x 'XS S Sx1z)S7ly

) 1 1, _ 1
'(Sz 7 — ;Z’Z)Sg,lz + (X7 - Sx12)S7'y + (Sxix — X 'X)S

LSxizSl,. (50)

Its third term contains a factor which can be decomposed as
Sgx — XX
XX T,
.1
= SxizS;',S7x —WI'=Z'X
n

. 1
(Sx12S,', —1)Szx — H’(gZ’X — Szx)

1 _ 1 1 _ _ |
= {(Sxiz — EX’Z)SZ,IZ - ~-X'Z((~2'7) LS, Sz x — (~2'X — Sz:x)

1 1
{(Sxz — EX’Z)SE}Z I'[(Szz — fZ Z) Z,Z]}SZ/X — H'( Z'X — Szx). (51)

Now substituting the decompositions obtained in (50) and (51) into the expression within curly brackets
in the final line of (49), and next using IT = IT + O, (n~/2), P = I + O,(n~'/?) and Bn arv = Bary +
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O,(n~'/2), we obtain

/ Lorga
'[Z'c + (¢'e — no?)¢] + no? [l — fX ‘XS Sx 28711

'[Z'c + (¢'e — no?)(]

3 1 1 _ 1o, o
+no21l'(Szz — EZ'Z) S7/7¢ + no? ( X'Z — Sx12)S7/7¢ +n(Sgi % — EX/X)Bn,GIV

_ 1 1
= I'[Z'c+ (e —no?)(] - ’I”LO'?H/(EZ/Z —Sz12)S,,¢ +no ( X'Z — Sx12)S,'5¢ (52)
1 . 1 . 1 .

All the six terms of (52) are O,(n'/?) and will, after premultiplication by n~'/2(1 X’X)~1  affect the

1
n
limiting distribution of B¢y -

In deriving in a more general context such a limiting distribution Hendry (1979, formula 16) takes into
account only terms similar to the first and sixth of (52). Hence, he incorrectly neglects four of the six
O, (n'/?) terms of (52), as demonstrated by Maasoumi and Phillips (1982, formula 17), who also show that
this only affects the [ > k case. From (52) it can easily be seen that in the special case | = k terms 2 and 5,
and 3 and 4 cancel. Maasoumi and Phillips (1982) and Hendry (1982) provide algebra by which, exploiting
formulas related to (49) and (52), the unconditional limiting distribution of the GIV estimator can be
obtained for one equation of a particular simultaneous dynamic system with first order serial correlation
involving an arbitrary number of endogenous and autoregressive predetermined variables, which are all
assumed to be normally distributed.

We will here obtain an explicit result for the particular situation described by our Frameworks A and
B, while conditioning on the (latent) predetermined variables. Hence, we do not make an assumption on
the distribution of X and Z, but make the substitutions

1 1 1
~7'7 = Szz = —ZZ+ Z’sC +—C'Z + geeg ~7'7 —o2¢¢
n n n
- = 1
= —Z’s{'—i——C&’Z—F —(ee = no?)¢l,
n n n
1 / 1 v/ !/ 1 ! r7 1 / 2 !
—X'Z—-Sxiz = =X'e('+-&'Z+ —('e —no2)él.
n n n n

in the final expression given for (52), which yields
Z'e+ (e'e —no2)II'¢ — o2 Z'e(’'S ) ¢ — 0211’ ZS,},¢ — o211 (/e — no2)(C'S )¢
+02X'e(' S5}y C + 0286’ 2814 C + 02 (e = no2)e(' Sy ¢ + T Z'eC B gy + T (e 2By
+IT'(e'e - nUg)CCIHBGIV - X/EC/HBGIV - §€/ZHBGIV — (e - nJ?)fC/HBGIV - H/CEIXBGIV
—I'Z'e€' By — ' (e'e = no2)CE Bary + Op(1).

This can be further simplified by using

— 2451
a = 0:0%74G,
— 7 2 151 -1 -1
2 = C/HﬂGIV:05CIZZ'ZEZ/XZX/X’EXlzzZ’ZC?
— 17
s = &PBarv,

giving
WZ'e+ (e —no2)I'¢ — 11T Z'e — 0211'¢('Y 1, 2 e — ¢y (e — no?)IT'C
o1 X'e + 026051, Ze + e1(ee — no2)e + eIl Z'e + T (B I Z'e + ca(e'e — no)IT'C
—e3X'e — EBppy I Z'e — calele — no2)E — W By X'e — csI Z'e — cs(e'e — no)IT'C + o o (nt/?)

= ealy = TCBupy |1 X'e + [esT1 + (€ = TC)(0%¢ — BarySx2)S 5141 7' (53)
+(csé + csI'¢) (e — nag) + 0,(1),
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where ¢4, = ¢y —co and c5 =1 — ¢c3 — ¢4.

Note that (53) re-expresses the factor in curly brackets in the final line of (49). We want to derive its
limiting distribution after scaling by the factor 1/y/n, so we may neglect the remainder term. Defining the
k x k matrix O, the k x [ matrix ©, and the k& x 1 vector w, such that

01 = calp — H/CB/GIV7 (54)
Oy = ol + (€ -0 ~ BarySx2) 577,
w = cé+eslle,

we can now invoke the Lemma with - -
W' = @1X/ + @QZI. (55)

For the case 5 = 0 and p1, = 3 we then obtain, conditioning on X and Z, the limiting distribution

% [01X'e + ©:2e + w(e's — no?)] 4, N(0,02V5),

where

Vo = @125(15(@/1 + @222,29/2 + 20?0.)&)/ + @1222’2@/2 + GQEZ,X@Il. (56)

In evaluating V) we make use of

Ypz7 = plimn'Z'Z =%z,

Yo = plimn ' X'X =Yy x — o2
Yy = plimn'ZX =%,x —o?¢¢
Ygz = plimn'X'Z=%}¢

and find that V[, can be expressed as

leal, — By ) (Sxox — 026€") ealy — By ¢Tl]

HesIl + (€~ W02~ BarvSxi2)S 545 (S22 — 02 esTl + 515 (02¢ — SzxBany ) (€ — ()
—|—2a§ [ca€ + esIT(][ea’ + e5¢'T]

Healy — By ) (Bxz — 0260 el + B35 (02¢ = Sz x By )€ — ¢T)]

HesIl + (€ = IO (02¢ — Bary Sx2) S22 (Szrx — 0%CE)ealk — Bary ¢TI,

Next, we examine these 5 terms of V one by one. The first one is

A(Exx —026¢) — ca(Sxrx — 026€) By ¢l
w/ w/ .
—eall' By (Exix — 0268) + W (Bary (Sxrx — 026€" ) Bary ¢
= 4Yxix — 0263 — elXx xBary T+ o2ezeaél'TT

B2 By} .
—eall'BarvSxrx + o2eseaCE + (BarvSx xBary — o2c3) (T,
the second is

[esIUS 207 + (€ = IO (02¢ — BarvSx2)llesl + £515(02¢ — Saix By ) (€ — CTI)]
—02[esII ¢ + (€ = TTQ)(02¢" — BIGIVEX/Z)EZ}ZCC/][%H + 3,502 = SzixBary) (€ — ()]

= GI'Szzll+cs5(E —T'¢) (03¢ - B/GIVEX’ZH) + (02esI1'¢ — es1'S 2 x By ) (€ — ¢TI
(€~ (02T, — Ban ) (0%¢ — SzxBan) (€ — ¢
~02e5[es I CC T+ (€ — Q) (03¢ — By Sxi2)S71,¢¢ T
—02[esTI¢C + (€ =T Q) (1l — e2[(0285)2¢ — MRy ) (€ — ¢TI
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= 'Sz 711+ 02eséCT — o251 ¢ — 055@/C¥IVZX’ZH + C5H/<BIGIVEX’ZH
+‘7505H/<§/ - CSH/ZZ’XBGIV§I - U§C5H'CCIH + C5H/2Z’XBGIVCIH
HE -T2}, — Ban)(0%CE — SzxBorve’)
—(6 ~WQ)(02¢'S 5}, — Ban ) (02T — Sz x By ¢'TI)
—oZes[esINCCTT + (§ — TTC) (1 ¢'T — eo¢'T))
—02[esIT¢C + (€ = TT¢)(er¢ — a)(025 51 4¢€ = MBG v E)
+02[es ¢ + (€ = T¢) (er — 2l )(025 5/, CC'T = T gy ¢'TH)

= ISz + 02c56¢TT — 02es T — 02es€¢' T 4 o251 ¢TI
Fo2esT1¢E — o2es IV CE — o2esT (T 4 o251 CCTT
HE - T (02e1e — 02e2€) — (€ — Q) (0228’ — 2B ITCE))
~(€ ~ Q) (0%erC T — 02er¢'T) + (€ — IC) (02 ea¢ T — 02 By T (T
—02es5 (eI CCTL 4 1 6CTT — 4 ITCC'TT — 26¢ T+ ¢oIT'¢¢'IT)
—02[e1esIUCE + (€ = T Q)eresl’] + o2 [cacsIUCE + (€ — T ()eaesl’]
+02[c1es TV CCTT + c1e4(ECTT — T CCTD)] — 02 [eaesIT ¢ + cocq (EC'TT — TT'CC'TT)]

= Y +oteabl —oleall' (e — olerle + oleatd
—02e T + 02041_1’((/11 4+ 02(cq — ¢5)esTUCCTT — o2eqes€C'TT
—2eaesTTCE — 02 B2EE + 2 ATVCE + 02eacs TV CCTT + 02 2ECTT — o2 AT

= Y g +otea(l—ca)€ +olcsles — 1 — c5)IUCE + 02ca(cs — 1 — ¢5)6¢'TT
—02[ea(es — 1 = 2¢5) + AT,
the third is
202368’ + 202 ¢c4es T CE + 202 cyes€C' T+ 202 21T/ (T,
the fourth is
lcaSxrz — WCBapy BxzllesTl + S5 (02¢ = SzixBan )€ — (D)
~Jo2est¢’ — 2By ¢ [esT + S72(02¢ = Sz xBary) (€ — ¢TI

Y3
= caesExzIl — s CB gy Exi 710
+U§C4ZX/22E,1ZC£/ — C4EX'ZEZ’ZEZ'XBG’IV€ — 0 C4EX’ZEZ/Z<C 11 + C4ZXlzzz,ZZleﬁGIV(: 11
Y}
_U§C2H/C§/ + HIC@GIVEX’ZEZ'Z Z’Xﬁalvf + UgC2HICC Im—1r CBGIVZX’ZEZ/ZZZ’Xﬂc:IV( I
*050405&41_[ + 0503051_[/((/1_[ - 05010455/ + UzcchH/Cf/ + 05020455/ - 0502031_1/@/
+02c1c4€C'T — 02c1 3TV CCTT — 02 eaes€C'TL + o2eaes T CC'TT

= ey g — 02es TV CCT + 0211 CE — 02ey TV CE — o2 IT T + o2e TV ¢TI
—02eol1'CE + 2ol CE + 02l CC'TT — o2 oI ¢TI
+02ey(cs — c5)EC T+ 02 cs(cs — ca)TUCCTL — o2c3ee’ + o2 ezea 1/ CE!
= 4058 g 3 — 0265EE + 0Zca(cs — 5)EC T+ oleseall' (€ + o2es(cs — ca) I CCTL — o2es 1T (¢TI,
and the final fifth one is the transpose of the fourth. Collecting all terms we find
Vo = iSxx —02ciet — ciSxixBarv¢ T+ olesese(M
BYi BYi .
—call' By Sxix + o2eseall' 6 + (Bary SxxBary — o2y IN(CTT
+(1— s —3)*Sgr 5+ 02ca(l — ca)€€ + 02cs(2ca + 3 — 2)IV'CE + 02cs(2cq + 3 — 2)EC'T
—0%[ca(cq — 1 —2¢5) + IV CCTL + 202c36€" 4 202 caesTTCE 4 202 caes€C'TT + 202 3T CC'TT
+2c4c58 ¢/ ¢ — 202c3¢¢" + o2ey(ca + ez — ¢5)ECT+ o2cq(cy + c3 — c5)IT'CE
+202c3(ca — ¢ + c5)ITCCT — 202e511'¢C'TT
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= AVxx 420555 + ES g g — aSxxBary (T — el By Sx x
—02c3e +oley(1 — cy)e€ + 202c5¢e’ — 202 c5¢¢!
+o2eses€CT+ o2ea(20s + 3 — 2)6CTL + 202cacsEC T+ 02ca(ca + e — ¢5)ECTT
+02ezesUCE + 02cq (204 + c3 — 2)TUCE + 202 c4esTUCE + 02ca(cy + c3 — c3)IT'CE
+(B/GIVZX’X/BGIV o2 (T = 02[ea(ea — 1 = 2¢5) + T
420221 CCTT 4 202 ¢3(co — ¢ + ¢5)TTCCTT — 20251 ¢C'TT

i "y
= 4Yxix + (2ea+c5)esE 55 — calxxBary (= call'CBary Sxrx
Y} .
to2eq(1—2¢4)6€" + 0Zca(ea + 3 — e5)ECTL+ o2ca(cs + c3 — s )IICE + Bary SxxBapy ¢
+02{—c2 — [ca(cs — 1 — 2¢5) + c2] 4+ 2¢2 + 2c3(cs5 — c4) — 2¢5 M ¢TI

. .~/
= ASxx+[1-c3)?—cfg 5 — aSxxBarv (T — el (BarySxx + olea(l — 2cq)€€
./ .
Fo2es(1 = 2¢5)ECT + 02es(1 — 2e5) IV CE 4+ (Bary Exr xBary )TV CCT 4 02 [es(1 — 2¢5) — e3] T¢I

Thus, the asymptotic variance of the (generalized) GIV estimator (48) is

VER

= o2[(1—e3)®— 04]2)(})( to CQZX}XZX’XZX,X C4[EX/XZX'XBGIVﬂGIV + 5G1V»3GIVEX’XZX/X]
toteal = 2e4] X5 EERT  + olea(l - 2¢5)[ X,Xfﬂczv +BarvESo ]
+es(1—2¢5) —es + o2 (5GIVZX'XﬂG1v)]ﬂG1v5GIVa

which gives the result of Theorem 1.
Note that when k£ =1 we have ¢; = ¢z, so ¢4 = 0 and ¢5 = 1 — c3, and so the variance simplifies to

_ BY} . . BY;
VICX;N = 0 Cszx}x [(1—¢3)(2e3 = 1) = e3 + 0 (Bry Sxrx By )|Brv Brv

BY; . . BY;
= 0 Cszx}x 2¢5 —2¢3 +1 = 0 (B ExxB1v)BrvBrv,s

which is the result of Corollary 1.

B Proof of Theorem 2

When p, # 3 then there is an additional contribution to the asymptotic variance for which we have to
evaluate o2ww’. In obtaining the third term of (56) we already found

ww' = GEE" + eaesIT'CE + cqes T+ T (T,
SO

gl 1
ZX,Xon ZX,X

= 0N (T F oty JTUCEN o +oteacsT g JECTIN o + ol (TUCCTIN ) o
= QZX}X& ZX}X +oZeacsBary € ZX,X to C4CSZX,X§5GW +EBarvBary.
In the overall asymptotic variance this term has factor y, — 1. The expression for VS, already contains it
with factor 2, so the additional term given in Theorem 4 has factor u, — 3.
When pg # 0 there is another additional contribution to the asymptotic variance, for which we have
to evaluate
302 (Sw,w’ + wSw).

Since
W' = 6,X'1+0657"
X't =Ty X't + sl 20+ (6 — W) (0% — BarySx02)S 552",
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we find

BY; o/
EVV’L - C4EX/L - HICBGIVEX’L + CSHIEZ/L + (5 - H/O(Uﬁcl - /BGIVZX/Z)EE}ZZZ/IJ
and with w’ = ¢,&’ + ¢5¢'TI, we obtain

ZW/LLL)/
./ .
= aleaSxnd — W BaySxné + Sz, + (€ — WO (03¢ — BarySx2)S 545 2.6]
By, ./
+esleaSx, (T =T Bary Exr (T + s IS 70 T+ (€ = TT)(02¢ — BarvEx2)2 5y S 2, T
Thus,
oiN L Swnw' S

= U§C4[C4Z§}XZX’L§/Z;{}X - Z;Q}XH/CBIGIVEX’LgE}}X + 652)_;)211/22/@'2;;5{

_ _ ./ _ _
+(2X}X§ - ZX}XH/O(UgC/ - BGIVZX’Z)EZ}ZEZ’&/ZX}X]

_ _ _ ./ _ _ _
toles[eaX ) S (TN, ¢ — B0 By TxnCTIN L o + 655 ('S, (IR

_ _ ./ _ _
+(2X}X§ - ZX}XH/O(U&J - 6GIVZX’Z)EZ}ZZZ’LC/HZX}X}
_ _ .. ./ _ _ _
= cfolea¥ (Oxn €T3 o — o BarBarnExnE' Sy ¢ +oles R [N T o

_ . BY; _ _
+(U§ZX}X§ —o0Barv) (03¢ - BGIVZX'Z)ZZ}ZZZ’LgEX}X]

_ B2 1/ . B} _ ./
+cs [05042555(2)(@55;1‘/ — 0 BarvExBarvBary + 05052X}XHIEZ'L6GIV
_ 1 BY2 _ o/
+(052X}X§ — o Bary)(o2¢ - BGIVZX'Z>EZ’1ZEZ’LBGIV]
and the additional term is then equal to p; multiplied by

0'22;(})2 [ZW/LUJ/ + wZL/W]Z;X

_ 3 -1 Iv—1 o o Iv—1 3 -1 / Iv—1
= 04{05642)2/)32)(%5 EX')”( —obarvBarvixné EX/X + ‘753525@5(11 Yz E}”(/X

_ . “/ _ _
+(U§EX}X§ —0Bar) (02 — BGIVZX’Z)EZ’IZZZ’LgEX}X}
_ BYi ot . BY; _ BY;
+cs [050425(}5(2)(@5@“/ — 0 BarvExBarvBarv + UEC5EX}XH/EZ'LBGIV
_ g BYi _ BY;
‘*‘(UEEX}Xf — 0 Barv) (0 — 6GIVZX'Z)ZZ}ZZZ’L/BGIV]

3 -1 ’ -1 -1 N Y 3 -1 ’ -1
+C4[UEC4EX,X§Z ’LZX’X - UEZX,XfEX'LﬁGIVBGIV + ‘750525@5{52 /LHEX/X

_ _ . _ BY;
‘*‘EX}XfZ/ ’LEZ’IZ(UEC - EZ’XBGIV)(U:&?&/EX}X —oBarv)]
. _ ot . BYj . _
+cs [‘7504501\/23(@)3}5( — o BarvExiBarvBarv + ‘780556*1\/2/2@112)3})3
. _ . _ gt
+Barvy: ’LEZ’lZ(UgC - EZ'XBGIV)(UEgZX}X —o ' Barv)]-

This expression can be simplified slightly when we assume that both matrices X and Z have a first column
of ones. Then

—1

Logixn = ek,
/ —1

'Yz, = XYxzYX,,Xz.,=Xxze.,

where ey, denotes a f x 1 unit vector which has all elements equal to zero apart from a unit element in
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position g. This yields

O'?E)_A(}X [EW/LUJI + wZL/W]Z;X

= 64{0204%715/2}})2 - UEBGIV/BIGIVEX’Lf/E;X + 020523;)22)(/261,15/2
(o205 (€ — 0 Ban) (03¢ — BaSxz)ent S )
tesloecaenaBary — 02 BarvSxBan Bar + UECSZ;XZX'Z@JB/GIV
‘*‘(Uaz;)ﬁ - Ua—lBGIv)(UgC/ - B/GIVZX’Z)el,lB/GIV]
tealoles Ty (el — 0D (EX WBorvBear + 0lesT ) (€8x ze1 Dg ¢
‘*‘E;)gﬁe;J(UgC - ZZ'XBGIV)(Ugf/Z;X —oBam)
+esloceaBaryer — o= BarvSxBarvBary + UsCSBleeg,lzz’XZ;X

. o _ et
+Barver (03¢ - ZZ’XBGIV>(UE§/2X—}X o Barv)]-

-1
XX

When k =1, ie. ¢ =cz, 5 =1 —c3, HE;X = Y%, and 03¢ — SzxBry =0, VEE, specializes to
the expression
- - _ w“/ . . Y}
VI({/P = Ugcgzz}sz’sz}z - [202 —2c5+1—-0, Q(ﬂIVEX’Xﬁlv)]ﬁIVBIV
. wy et . “/ _ wy . _
(g — VBB v Brv — 2p3¢50 - Bry SxnBrvBrv + 130 (S5 xSz Brv + BrvEs, Sxi 4]
_ _ _ Y} . _
= Ugcgzz}XEZ’sz}z + M?ﬁecg [ZZ}XZZ’LBIV + ﬁlvzlznzx}z]

Y P . .- wy
—[(3 = pg) & + 2¢5(p30 = BrySx — 1) + 1= 0 2(Brv ExrxBrv)1BrvBrv-
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Figure 1.1: Densities for k =1=1; 8 =1; 05/0Z =10; p,, =0.8
(actual: — = cond., — — = uncond.; asymptotic: 0 = cond., ¢ = uncond., O = both)
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Figure 1.5: Conditioned log[MAE(B;y)/AMAE(B,y)] for k=1=1; any SN
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Figure 1.6: Conditioned log[MAE(Bps)/MAE(3,y)] for k=1=1; any SN
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Figure 2.1: Densities for [ -1 =k =1; 8 =1; 03/0Z=10; p,; =0.8; p,,, =04
(actual: — = cond., — — = uncond.; asymptotic: O = cond., O = both cond. and uncond.)
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Figure 2.2: Densities for | — 1=k =1; 3 =1; 02/02 =10; p,; = 0.4; p,,, =0.2
(actual: — = cond., — — = uncond.; asymptotic: O = cond., O = both cond. and uncond.)

39



Pozy = 005 r,,=02

o o
g 2
i ",
“a 0
05 1 15 2
b'=1.3162
o o
S
n i
o 05 1 15 2 0 o5 1 15 2 25 08 1 12 14 16 18 1 12 14 16
b'=1 b'=1.3162 b'=1 b'=1.3162
n = 200
r =02
ze
25
2 o
o
@ o o
~
H 15 AN
7
2 N oo
- 1 N
t‘)ﬁ A
N
05 -5 2
- o~
L e
08 1 12 14 16 18
b'=1.3162
7
6
5
o
W 4
- 3
2
1
0
05 1 15 05 1 15 2 11 12 13 14
b=l b'=1.3162 b=l b'=1.3162
n = 2000
poa= 01 pgy= 005 r,.=02 r,,=0 r, =02
A A A
(=] o)
5 5
4 o 4
i i
S
S s 7 s
-2 T2
1 1
08 09 1 11 12 08 09 1 11 12
b'=1 b'=1
5
a
©
2 5 %
N E)
) o
1
08 09 1 11 12 1 12 14 16 122 124 126 128 13 132
b'=1 b'=1.3162 b'=1 b'=1.3162

Figure 2.3: Densities for [ —1=k=1; f=1; 02/02 =10; p,; = 0.1; Py = 0.05
(actual: — = cond., — — = uncond.; asymptotic: O = cond., O = both cond. and uncond.)

40



002  prs, = 001 '

2 0 2 4
b'=2.5811

oobNoo
SRR O0ogg

[ 2 4 6
b'=2.5811

n = 200

b'=2.5811

15 ? 35
‘I
i 3
3! 25
1 ;! ©
T i S 2 N
¢ Pt 'y \
] 1 15
0.5 B 1 ’: \\
! \\ o‘s_oo’o/ooo OOO:)bQQc\)» o
2 _U - 4 4 ° 0.8 1 12 14 16 LB" 2 25
b'=1 b'=2.5811 b'=1
n = 2000
pze= 002 pg, = 001 r,.=02 r,.=0 r,.=02
0.35
15 03
0.25
% 1 0.2 %
o 015 =
05 0.1
0.05
o
o
b'=2.5811
ko)
ENY 0.8
15 “ \
\
[ 06
] \ ©
2 g
% | A 04
4 .
05 /’ 02
// \\
0 05 15 2 o : = 0.6 0.8 1 1.2‘ 14 16 18 14 16 18 ‘2 22 24
b =2.5811 b=1 b =25811
: . iys —1- .42 2 _ . . _
Figure 2.4: Densities for | =1 =k =1; 8 =1; 03/0Z = 10; p,s = 0.02; p,,, = 0.01
(actual: — = cond., — — = uncond.; asymptotic: 0 = cond., O = both cond. and uncond.)

41



1 =50,pz2, = pzs/2

Figure 2.5: Conditioned log[M AE(Bgy)/AMAE(Bgpy)] for k=1—1=1; any SN
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1.=50, przy = Pzs/2

G G =1—1=1; any SN
Figure 2.6: Conditioned log[MAE(Bprg)/MAE(Bgpy)] for k=1—1=1; any
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