
NANYANG RESEARCH PROGRAMME
MAE03 - INVESTIGATION OF HYPERTRANSCENDENTAL

FUNCTIONS AND TRANSCENDENTAL NUMBERS RELATED TO
THE RIEMANN ZETA FUNCTION AND THE GAMMA FUNCTION

Shen Hanzhang
Dunman High School

Zhu Yuxin
Victoria Junior College

Associate Professor Shu Jian Jun
School of Mechanical and Aerospace

Engineering
Nanyang Technological University

Abstract - To investigate the Riemann zeta
function , a crucial function in analytic numberζ(𝑠)
theory, properties of the Gamma function areΓ(𝑠)
of great importance since can be expressedζ(𝑠)
in terms of . One of such properties, thatΓ(𝑠) Γ(𝑠)
(as well as some other special functions) is
transcendentally transcendental, is the focus of
this paper. The hypertranscendence of isΓ(𝑠)
proven in Hölder’s Theorem using field theory and
proof by contradiction. Identifying the inherent
limitation of this proving method as it is based on
properties of function only specific to , thisΓ(𝑠)
paper aims to show a more generalised method
of proving transcendentally transcendental
functions largely based on 2 introduced theorems,
and therefore, constructively provide a relatively
more complete list of transcendentally
transcendental functions and transcendental
numbers than existing research work. These
transcendental numbers are obtained with
algebraic manipulations of the functional
equations of special functions, all of which are
related to and . From there, we haveζ(𝑠) Γ(𝑠)
made several extensions which can be explored
in the future.
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1 INTRODUCTION

1.1 A transcendentally transcendental
function, or hypertranscendental function, is a
transcendental analytic function that does not
satisfy any algebraic differential equations with
algebraic initial conditions. In other words,
functions that are solutions of differential
equations of the form

,𝐹(𝑥,  𝑦,  𝑦',  ...  ,  𝑦(𝑛)) =  0

where is a polynomial with constant coefficients,𝐹
are algebraically transcendental or differentially
algebraic, and those transcendental functions that
are not solutions to the equations of the form
above are transcendentally transcendental
functions [1].

In order to investigate the prime number theorem,
Bernhard Riemann extensively studied the Zeta
function [2], which was first raised by the Swiss
mathematician Leonhard Euler.

1.2 Riemann zeta function is defined as

.ζ(𝑠) =  
𝑛 = 1

∞

∑ 1

𝑛𝑠  =  1
Γ(𝑠)

0

∞

∫ 𝑥𝑠−1

𝑒𝑥−1
𝑑𝑥

As can be seen from the definition above, the
Riemann zeta function is closely related to
another special mathematical function, the
Gamma function. Hölder’s Theorem [3] states that
the Gamma function does not satisfy any
algebraic differential equation, i.e., it is
transcendentally transcendental. This was
proposed by the German mathematician Otto
Hölder in 1887.

1.3 Reasons for undertaking the study: Current
studies in this field are limited to a few special
mathematical functions, such as the Gamma
function. A relatively complete list of
transcendentally transcendental functions has yet
to be validated. Furthermore, the methods of
proof are constrained by the properties of specific
functions. Few methods are applicable to many
special mathematical functions.

1.4 A transcendental number is a number that is
not algebraic—that is, not the root of a non-zero
polynomial of finite degree with rational
coefficients, with the best known transcendental
numbers being and [4]. The concept ofπ 𝑒
transcendental number was first raised by Leibniz
in 1682, defined by Euler in the 18th century, and
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proved the existence of by Joseph Liouville in
1844. Later developments in transcendental
number theory include 2 most notable results:
(i)Lindemann–Weierstrass theorem [5]:

If , …, are algebraic numbers that are linearly α
1

α
𝑛

independent over the rational numbers , thenℚ

are algebraically independent over ;𝑒
α

1,  ...,  𝑒
α

𝑛 ℚ
and

(ii)Gelfond–Schneider theorem [6]:

If and are algebraic numbers with , and𝑎 𝑏 𝑎 ≠ 0, 1
being irrational, then any value of is a𝑏 𝑎𝑏

transcendental number.

The following graph (Figure 1) helps to classify
the terms mentioned above, such as algebraic
numbers, transcendental numbers, rational
numbers, and irrational numbers. It also
visualises the relations between the terms.

Figure 1: Classification of complex numbers based on whether
they are transcendental or algebraic

These 2 theorems are then extended by Baker's
theorem [7], and all of these are further
generalised by Schanuel's conjecture [8].

1.5 Inherent limitations: Despite our best efforts
in completing an in-depth study, our study is only
a theoretical one of transcendentally
transcendental functions and transcendental
numbers, excluding their real-life applications.

1.6 General notations:

denotes set membership∈

denotes set difference\

denotes universal quantification∀

denotes composition of functions◦

denotes the differential operator𝐷
satisfying: 𝐷(𝑥 + 𝑦) = 𝐷𝑥 + 𝐷𝑦, 𝐷(𝑥𝑦) = 𝑦𝐷𝑥 + 𝑥𝐷𝑦

denotes the set of complex numbersℂ

denotes the set of rational numbersℚ

denotes the set of integersℤ

denotes the set of natural numbersℕ

denotes the set of algebraic numbers in𝐴
Theorem 4.2.1

denotes the set of transcendental𝑇
numbers in Theorem 4.2.1

denotes the differential field𝐾
𝐾:  𝐾 = (𝐾,  +  ,  .  ,  𝐷,  0,  1)

denotes the differential field𝐿 𝐿:  𝐿 ∈ 𝐾

1.7 Outline:

1. Introduction
2. Objective and Methodology
3. Literature Review

I. Hölder's Theorem
II. Other Transcendentally

Transcendental Functions
III. Transcendental Numbers

4. Results and Discussion
I. Transcendentally Transcendental

Functions
II. Transcendental Numbers

5. Conclusion

2 OBJECTIVE AND METHODOLOGY

This research project aims to provide a relatively
more complete list of transcendentally
transcendental functions and transcendental
numbers than existing research work, using a
generalised proving method which is replicable.

Inspired by the proving method in Hölder’s
Theorem using proof by contradiction and field
theory, we go on to investigate if some special
mathematical functions [9] are differentially
algebraic, i.e., transcendentally transcendental, or
not. These functions include first and foremost,
the Riemann zeta function , which is theζ(𝑠)
starting point of our research project. By using
certain proven transcendental numbers, some
values of transcendentally transcendental
functions are proven to be transcendental. Thus,
more transcendental numbers are found. From
there, we have made several extensions which
can be explored in the future.

The objective and methodology, as well as the
flow of the paper, can be visualised by Figure 2.
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Figure 2: Visualisation of “OBJECTIVE AND
METHODOLOGY” and flow of the paper

3 LITERATURE REVIEW

A considerable amount of research regarding
transcendentally transcendental functions has
been done. Relevant papers include “Ueber die
Eigenschaft der Gammafunction keiner
algebraischen Differentialgleichung zu genügen”
[10], “A Note on Hölder’s Theorem Concerning
the Gamma Function” [11], “A Survey of
Transcendentally Transcendental Functions” [1],
and “Differentially Transcendental Functions” [12].
These papers have established the basis for
transcendentally transcendental functions and
have proposed some of such functions. However,
only a limited number of functions, such as the
Gamma function, have been identified as
transcendentally transcendental functions, and we
believe that there are many more. Therefore,
based on previous research work, this research
project aims to extend the list of transcendentally
transcendental functions.

3.I HÖLDER’S THEOREM

Although a few mathematicians have proved
Hölder’s Theorem, their methods are not easily
replicable to other special mathematical functions.

Lee A. Rubel used field theory and proof by
contradiction to show that the Gamma function is
not differentially algebraic in his paper “A Survey
of Transcendentally Transcendental Functions”
[1].

On the other hand, Steven B. Bank and Robert P.
Kaufman provided a proof of Hölder's Theorem by
Ostrowski in their paper “A Note on Hölder’s
Theorem Concerning the Gamma Function” [11].
The proof supposed the existence of some
polynomial which has a solution in terms of the𝑃
Gamma function with the minimality assumption.
Thereafter, another polynomial is defined as a𝑄
transformation of , followed by the use of𝑃
mathematical induction to prove that does not𝑃
satisfy the minimality assumption, and hence, the
Gamma function is proven not to satisfy any

algebraic differential equation via proof by
contradiction.

Both proofs are valid. However, it can be
sometimes very difficult to similarly apply these
two methods to other special functions to prove
their transcendental transcendence, as these 2
methods of proof have used properties that are
specific to the Gamma function. In order to apply
these methods to other functions, each function
and its own properties need to be examined
thoroughly, which could be extremely difficult
sometimes. Therefore, these two methods are not
suitable for our study of other transcendentally
transcendental functions here.

3.II OTHER TRANSCENDENTALLY
TRANSCENDENTAL FUNCTIONS

Rubel investigated a few transcendentally
transcendental functions [1], including the
Gamma function . Rubel started byΓ(𝑠)
distinguishing differentially algebraic functions
from transcendentally transcendental functions,
and then proved some transcendentally
transcendental functions. Other than Ostrowski’s
proof mentioned above, Rubel’s paper only
provides very few transcendentally transcendental
functions and power series, hence it is unable to
provide a relatively complete list of
transcendentally transcendental functions.

In “Differentially Transcendental Functions” [12],
Žarko Mijajlović and Branko Malešević provided a
method to systematically prove some
transcendentally transcendental functions using
concepts of differential fields, followed by applying
this method to a few special functions such as
Barnes G-function and Kurepa’s function. This
method of proof is easily replicable when applied
to many other special functions as it is essentially
using differential fields. However, similar to
Rubel’s paper, the paper failed to provide a
detailed list of transcendentally transcendental
functions. Despite that, this very method of
proving transcendentally transcendental functions
is of great value to our study.

As mentioned above, although some functions
are proven to be transcendentally transcendental
in the papers, almost all the papers failed to
provide a relatively complete list of such
functions, which will be the main focus of this
paper. For this very purpose, some useful
methods in the reviewed literature are applied in
our study.

3.III TRANSCENDENTAL NUMBERS

In “Transcendence of Periods: The State of the
Art” [13], Michel Waldschmidt proved that
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is a transcendental number and isΓ(𝑧 + 𝑟)
algebraically independent of for any integerπ 𝑧
and each of the fractions .𝑟 = 1

6 , 1
4 , 1

3 , 2
3 , 3

4 , 5
6

In “Introduction to Modern Number Theory” [14],
Yuri Ivanovic Manin and Alexei A. Panchishkin
proved that (i) , , and are algebraicallyπ 𝑒π Γ( 1

4 )

independent over , and that (ii) , , andℚ π 𝑒π 3 Γ( 1
3 )

are algebraically independent over . Gisbertℚ
Wüstholz [25] proved that some values of the
Beta function are transcendental using𝐵(𝑥, 𝑦)
functional equations of the Beta function as well
as Abelian integrals.

These theorems are of great importance to our
study of transcendental numbers, as these
theorems and functional equations of the Gamma
function are used in our study to prove
transcendental values of other differentially
transcendental functions.

4 RESULTS AND DISCUSSION

4.I TRANSCENDENTALLY
TRANSCENDENTAL FUNCTIONS

Theorem 4.1.1 For every , there is no𝑛 ∈ ℕ
non-zero polynomial such𝑃 ∈ ℂ[𝑋; 𝑌

0
,  𝑌

1
,  ...,  𝑌

𝑛
]

that
,∀𝑠 ∈ ℂ\ℤ

≤0
,  𝑃(𝑠;  Γ(𝑠),  Γ'(𝑠),  ...,  Γ(𝑠)(𝑛)) =  0

where is the Gamma function.Γ

This theorem was proven by Otto Hölder in 1887,
called Hölder’s Theorem [3][10][11][15].

Theorem 4.1.2 Let differential field
. For the rest of the𝐾 = (𝐾,  +  ,  .  ,  𝐷,  0,  1)

paper, let field .𝐿 ∈ 𝐾

Let be a complex transcendentally𝑎(𝑠)
transcendental function over ,ℂ

a rational expression𝑓(𝑠,  𝑢
0
,  𝑢

1
,  ...,  𝑢

𝑚
,  𝑦

1
,  ....,  𝑦

𝑛
)

over , and assume that are entire𝐿 𝑒
1
,  ...,  𝑒

𝑚
functions which are differentially algebraic over ,ℂ

, . If is meromorphic and𝑒
𝑖
' ≠ 0 1 ≤ 𝑖 ≤ 𝑚 𝑏

, where𝑓(𝑠,  𝑏,  𝑏 ◦ 𝑒
1
,  ...,  𝑏 ◦ 𝑒

𝑚
, 𝐷𝑏,  ..., 𝐷𝑛𝑏) ≡ 𝑎(𝑠)

is the differential operator satisfying:𝐷

,𝐷(𝑥 + 𝑦) = 𝐷𝑥 + 𝐷𝑦, 𝐷(𝑥𝑦) = 𝑦𝐷𝑥 + 𝑥𝐷𝑦
then is transcendentally transcendental over . 𝑏 ℂ

This theorem was proven by Žarko Mijajlović and
Branko Malešević in their paper “Differentially
Transcendental Functions” [12].

Theorem 4.1.1 and Theorem 4.1.2 will be used to
prove that Riemann zeta function , and someζ(𝑠)
other special functions are also transcendentally
transcendental.

Proposition 4.1.3 The Riemann zeta function
is transcendentally transcendental.ζ(𝑠)

Proof: Since the Riemann zeta function [2], ,ζ(𝑠)
satisfies the equation

ζ(𝑠) = 2𝑠π𝑠−1𝑠𝑖𝑛( π𝑠
2 )Γ(1 − 𝑠)ζ(1 − 𝑠)

therefore, we have

.ζ(𝑠)
ζ(1−𝑠) = 2𝑠π𝑠−1𝑠𝑖𝑛( π𝑠

2 )Γ(1 − 𝑠)
Let’s suppose for the sake of contradiction that

is differentially algebraic on , meaning thatζ(𝑠) ℂ
is a solution to some differential equation ofζ(𝑠)

the form and .𝐹(𝑥,  𝑦,  𝑦',  ...  ,  𝑦(𝑛)) =  0 ζ(𝑠) ∈ 𝐿
As a result, . Since is anζ(𝑠)

ζ(1−𝑠) ∈ 𝐿 2𝑠π𝑠−1𝑠𝑖𝑛( π𝑠
2 )

elementary function, it is also differentially
algebraic on and belongs to . Therefore,ℂ 𝐿

is also differentially algebraic on .Γ(1 − 𝑠) ℂ
However, by Theorem 4.1.1, the Gamma function
is transcendentally transcendental and this yields
a contradiction. Since we have a contradiction,

is not differentially algebraic on . Therefore,ζ(𝑠) ℂ
the Riemann zeta function must be
transcendentally transcendental.
Q.E.D.

Proposition 4.1.4 The Hurwitz zeta function is a
meromorphic function.

Proof: The Hurwitz zeta function [16], isζ(𝑠, 𝑘)
defined by

ζ(𝑠, 𝑘) =
𝑛=0

∞

∑ 1

(𝑛+𝑘)𝑠

The Riemann zeta function is a special case
when . Since Riemann zeta function is𝑘 = 1
meromorphic with a pole at , the Hurwitz𝑠 = 1
zeta function, therefore, is meromorphic with a
pole when and .𝑘 = 1 𝑠 = 1
Q.E.D.

Proposition 4.1.5 The Hurwitz zeta function
is transcendentally transcendental whenζ(𝑠, 𝑘) 𝑘

is a rational number.

Proof: The Hurwitz zeta function [16] satisfies the
functional equation

.ζ(1 − 𝑠, 𝑚
𝑛 ) = 2Γ(𝑠)

(2π𝑛)𝑠
𝑘=1

𝑛

∑ 𝑐𝑜𝑠( π𝑠
2 − 2π𝑘𝑚

𝑛 )ζ(𝑠, 𝑘
𝑛 )⎡⎣ ⎤⎦

Suppose for the sake of contradiction that the
Hurwitz zeta function is differentially algebraic
over , which means that andℂ ζ(1 − 𝑠, 𝑚

𝑛 ) ζ(𝑠, 𝑘
𝑛 )

are differentially algebraic over and belongs toℂ 𝐿
. Since and are(2π𝑛)𝑠 𝑐𝑜𝑠( π𝑠

2 − 2π𝑘𝑚
𝑛 )
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elementary functions, they are also differentially
algebraic over and belongs to . This impliesℂ 𝐿
that is differentially algebraic over andΓ(𝑠) ℂ
belongs to . However, from Theorem 4.1.1, the𝐿
Gamma function is transcendentally
transcendental. This yields a contradiction, hence
the Hurwitz zeta function must be
transcendentally transcendental.
Q.E.D.

Proposition 4.1.6 The multivariate gamma
function is transcendentally transcendental.

Proof: The multivariate gamma function [17]
satisfies the equation

.Γ
𝑝
(𝑠) = π

𝑝(𝑝−1)
4

𝑗=1

𝑝

∏ Γ(𝑠 + 1−𝑗
2 )

Suppose for the sake of contradiction that isΓ
𝑝
(𝑠)

differentially algebraic on , and . Sinceℂ Γ
𝑝
(𝑠) ∈ 𝐿

is an elementary function, it is alsoπ
𝑝(𝑝−1)

4

differentially algebraic on , and . Thisℂ π
𝑝(𝑝−1)

4 ∈ 𝐿

implies that is also differentially
𝑗=1

𝑝

∏ Γ(𝑠 + 1−𝑗
2 )

algebraic on . However, by Theorem 4.1.1,ℂ
Hölder proved that the Gamma function does not
satisfy any algebraic differential equation, yielding
a contradiction. Therefore, the multivariate
gamma function, , is transcendentallyΓ

𝑝
(𝑠)

transcendental.
Q.E.D.

Proposition 4.1.7 The Dirichlet L-function is
transcendentally transcendental.

Proof: The Dirichlet L-function [18] satisfies the
equation
𝐿(𝑠, χ) = ε(χ)2𝑠π𝑠−1𝑞

1
2 −𝑠

𝑠𝑖𝑛( π
2 (𝑠 + 𝑎))Γ(1 − 𝑠)𝐿(1 − 𝑠, χ)

where . Since isε(χ)| | = 1 Γ(1 − 𝑠)
transcendentally transcendental by Theorem
4.1.1 and the Dirichlet L-function, , is𝐿(𝑠, χ)
meromorphic with a pole at , is𝑠 = 1 𝐿(𝑠, χ)
transcendentally transcendental by Theorem
4.1.2.
Q.E.D.

Proposition 4.1.8 The Dirichlet eta function is
transcendentally transcendental.

Proof: The Dirichlet eta function [19], η(𝑠)
satisfies the equation

,η(𝑠) = (1 − 21−𝑠)ζ(𝑠)
where is the Riemann zeta function. Supposeζ(𝑠)
for the sake of contradiction that isη(𝑠)
differentially algebraic over and . Sinceℂ η(𝑠) ∈ 𝐿

is an elementary function, obviously it(1 − 21−𝑠)
is differentially algebraic over . This suggestsℂ

that is also differentially algebraic over .ζ(𝑠) ℂ
However, by Theorem 4.1.3, the Riemann zeta
function is transcendentally transcendental,
yielding a contradiction. Therefore, the Dirichlet
eta function must be transcendentally
transcendental.
Q.E.D.

Proposition 4.1.9 The Beta function is
transcendentally transcendental.

Proof: The Beta function [20], , satisfies𝐵(𝑥, 𝑦)
the functional equation

,𝐵(𝑥, 𝑦) = Γ(𝑥)Γ(𝑦)
Γ(𝑥+𝑦)

where is the Gamma function.Γ(𝑥)
Suppose for the sake of contradiction that 𝐵(𝑥, 𝑦)
is differentially algebraic, and . This𝐵(𝑥, 𝑦) ∈ 𝐿
implies that is differentially algebraic andΓ(𝑥)Γ(𝑦)

Γ(𝑥+𝑦)
belongs to . However, by Theorem 4.1.1, the𝐿
Gamma function is transcendentally
transcendental. This yields a contradiction and
the Beta function must be transcendentally
transcendental.
Q.E.D.

Proposition 4.1.10 Gauss's Pi function is
transcendentally transcendental.

Proof: Since Gauss's Pi function [21] and Euler's
Gamma function are essentially the same:

Γ(𝑠) =
0

∞

∫ 𝑥𝑠−1𝑒−𝑥𝑑𝑥

,Π(𝑠) = Γ(𝑠 + 1) =
0

∞

∫ 𝑥𝑠𝑒−𝑥𝑑𝑥

It naturally follows from Theorem 4.1.1 that
Gauss's Pi function is also transcendentally
transcendental.
Q.E.D.

4.II TRANSCENDENTAL NUMBERS

Theorem 4.2.1 Let be an algebraic number, andα
a transcendental number, i.e. , then:β α ∈ 𝐴,  β ∈ 𝑇

(1) if . (since 0 is algebraic)α⋅β ∈ 𝐴 α = 0

if .α⋅β ∈ 𝑇 α ≠ 0

Proof: If is algebraic, thenα⋅β 
will be algebraic, yielding aα−1αβ = β

contradiction. Hence must beα⋅β
transcendental.
Q.E.D.

(2) .β𝑛 ∈ 𝑇,  ∀𝑛 ∈ ℕ

Proof: Suppose that , i.e. there is aβ𝑛 ∈ 𝐴
nontrivial polynomial and𝑃(𝑥) ∈ ℤ[𝑥]
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. Replacing every in 𝑃(β𝑛) = 0 𝑥𝑚 𝑃(𝑥) 
with , where , another𝑥𝑚·𝑛  𝑚 ∈ ℕ
non-trivial polynomial is obtained. It𝑄(𝑥)
follows that . Therefore,𝑄(β) = 𝑃(β𝑛) = 0

is algebraic, yielding a contradiction.β
Hence, if , then .β ∈ 𝑇 β𝑛 ∈ 𝑇
Q.E.D.

(3) , where .π𝑘 ∈ 𝑇 𝑘 ∈ ℚ,  𝑘 ≠ 0

Proof: Suppose some is𝐴 = π𝑘 =  π
𝑎
𝑏

algebraic, where are non-zero𝑎, 𝑏

integers. Then would be algebraic,𝐴
𝑏
𝑎

but , which is𝐴
𝑏
𝑎 = π

𝑎
𝑏 · 𝑏

𝑎 = π
transcendental. This yields a
contradiction. Hence, must beπ𝑘

transcendental.
Q.E.D.

(4) (α + β) ∈ 𝑇.

Proof: Suppose that , whereα + β = 𝑎
Then would be𝑎 ∈ 𝐴. 𝑎 − α = β

transcendental. However, the difference
between 2 algebraic numbers and𝑎 α
must be algebraic, yielding a
contradiction. Hence, .(α + β) ∈ 𝑇
Q.E.D.

Proposition 4.2.2 is transcendentalΓ( 1
2 + 𝑧)

.∀𝑧 ∈ ℤ

Proof: , which is transcendentalΓ( 1
2 + 0) = π

[22].

Since ,∀𝑛 ∈ ℕ
0

Γ( 1
2 + 𝑛) = (2𝑛−1)!!

2𝑛 π = (2𝑛)!

4𝑛𝑛!
π

,Γ( 1
2 − 𝑛) = (−2)𝑛

(2𝑛−1)!! π = (−4)𝑛𝑛!
(2𝑛)! π

it follows that the product of andπ (2𝑛)!

4𝑛𝑛!

(algebraic), and the product of andπ (−4)𝑛𝑛!
(2𝑛)!

(algebraic) are both transcendental (Theorem
4.2.1). Since , it can{0} ∪ ℕ ∪ {(− 1) × ℕ } = ℤ

be generalised that is transcendentalΓ( 1
2 + 𝑧)

.∀𝑧 ∈ ℤ
Q.E.D.

Theorem 4.2.3 and are always𝑠𝑖𝑛(𝑘π) 𝑐𝑜𝑠(𝑘π)
algebraic, where .𝑘 ∈ ℚ

Proof: Let , where are integers. We𝑘 = 𝑎
𝑏  𝑎,  𝑏

know that , where𝑒
𝑖 𝑎π

𝑏 = 𝑐𝑜𝑠( 𝑎π
𝑏 ) + 𝑖𝑠𝑖𝑛( 𝑎π

𝑏 )

and are purely real (Euler's𝑐𝑜𝑠( 𝑎π
𝑏 ) 𝑠𝑖𝑛( 𝑎π

𝑏 )

formula). Since is a root of the polynomial𝑒
𝑖 𝑎π

𝑏

(root of unity), is algebraic (by 𝑥2𝑏 − 1 𝑒
𝑖 𝑎π

𝑏

definition). We also know that is algebraic.𝑖

Since and are both algebraic as they𝑒𝑖𝑘π 𝑒−𝑖𝑘π

are solutions of , and since we𝑥
1
𝑘 +  1 =  0

know , by𝑠𝑖𝑛(𝑘π) = 𝑒𝑖𝑘π−𝑒−𝑖𝑘π

2𝑖 ,  𝑐𝑜𝑠(𝑘π) = 𝑒𝑖𝑘π+𝑒−𝑖𝑘π

2
Theorem 4.2.1, we can confirm that and𝑠𝑖𝑛(𝑘π)

are always algebraic.𝑐𝑜𝑠(𝑘π)
Q.E.D.

Theorem 4.2.4 The numbers and areπ Γ( 1
3 )

algebraically independent over [14].ℚ

Theorem 4.2.5 The numbers and areπ Γ( 1
4 )

algebraically independent over [14].ℚ

Consider the functional equation [23]:
.ζ(𝑠)

ζ(1−𝑠) = 2𝑠π𝑠−1𝑠𝑖𝑛( π𝑠
2 )Γ(1 − 𝑠)

When , is transcendental𝑠 ∈ ℚ,  𝑠 ≠ 1 π𝑠−1

(Theorem 4.2.1(3)). The right-hand side of the
functional equation is the product of an algebraic
number and another number2𝑠𝑠𝑖𝑛( π𝑠

2 )

whose transcendence is to beπ𝑠−1Γ(1 − 𝑠)
determined. In fact, will be transcendental ifζ(𝑠)

ζ(1−𝑠)

is transcendental, and will beπ𝑠−1Γ(1 − 𝑠) ζ(𝑠)
ζ(1−𝑠)

algebraic if is algebraic. Thus, weπ𝑠−1Γ(1 − 𝑠)
have the following conjecture:

Conjecture 4.2.6 If and are algebraicallyπ Γ(𝑠)
independent, then is transcendental,π𝑘Γ(𝑠)
where .𝑘 ϵ ℚ

Proposition 4.2.7 The number is
ζ( 2

3 )

ζ( 1
3 )

transcendental.

Proof: Since satisfies the functional equationζ(𝑠)
.ζ(𝑠)

ζ(1−𝑠) = 2𝑠π𝑠−1𝑠𝑖𝑛( π𝑠
2 )Γ(1 − 𝑠)

When ,𝑠 = 2
3

.
ζ( 2

3 )

ζ( 1
3 )

= 2
2
3 π

− 1
3 𝑠𝑖𝑛( π

3 )Γ( 1
3 )

Simplifying,

.
ζ( 2

3 )

ζ( 1
3 )

= 2
− 1

3 3π
− 1

3 Γ( 1
3 )
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From Theorem 4.2.4 and Conjecture 4.2.6,

is transcendental. Since isπ
− 1

3 Γ( 1
3 ) 2

− 1
3 3

algebraic, is transcendental. We2
− 1

3 3π
− 1

3 Γ( 1
3 )

can then deduce that is transcendental.
ζ( 2

3 )

ζ( 1
3 )

Q.E.D.

Proposition 4.2.8 The number is
ζ( 3

4 )

ζ( 1
4 )

transcendental.

Proof: Since satisfies the functional equationζ(𝑠)
.ζ(𝑠)

ζ(1−𝑠) = 2𝑠π𝑠−1𝑠𝑖𝑛( π𝑠
2 )Γ(1 − 𝑠)

When ,𝑠 = 3
4

.
ζ( 3

4 )

ζ( 1
4 )

= 2
3
4 π

− 1
4 𝑠𝑖𝑛( 3π

8 )Γ( 1
4 )

Simplifying,

.
ζ( 3

4 )

ζ( 1
4 )

= 2
− 1

4 π
− 1

4 2 + 2( )Γ( 1
4 )

From Theorem 4.2.5 and Conjecture 4.2.6,

is transcendental. Sinceπ
− 1

4 Γ( 1
4 ) 2

− 1
4 2 + 2( )

is algebraic, is2
− 1

4 π
− 1

4 2 + 2( )Γ( 1
4 )

transcendental. We can then deduce that is
ζ( 3

4 )

ζ( 1
4 )

transcendental.
Q.E.D.

Noticing the trend of Proposition 4.2.7 and
Proposition 4.2.8, we now make a generalisation.

Proposition 4.2.9 is transcendental, whereζ(𝑠)
ζ(1−𝑠)

.𝑠 = 𝑧 − 𝑟,  𝑧 ϵ ℤ,  𝑟 ϵ 1
3 , 1

4{ }
Proof: satisfies the functional equationζ(𝑠)

.ζ(𝑠)
ζ(1−𝑠) = 2𝑠π𝑠−1𝑠𝑖𝑛( π𝑠

2 )Γ(1 − 𝑠)

(1) Firstly, we need to ensure that is𝑠𝑖𝑛( π𝑠
2 )

non-zero, otherwise would be 0 which isζ(𝑠)
ζ(1−𝑠)

algebraic. Since ,𝑠 = 𝑧 − 𝑟,  𝑧 ϵ ℤ,  𝑟 ϵ 1
3 , 1

4{ }
. Moreover, from Theorem 4.2.3,𝑠𝑖𝑛( π𝑠

2 ) ≠ 0

is algebraic.𝑠𝑖𝑛( π𝑠
2 )

(2) Secondly, since ,𝑠 = 𝑧 − 𝑟
. Therefore,1 − 𝑠 = 1 − 𝑧 + 𝑟

, whereΓ(1 − 𝑠) = Γ(1 − 𝑧 + 𝑟) = Γ(𝑚 + 𝑟)
. By properties of the Gamma function,𝑚 ϵ ℤ

. It can be deduced thatΓ(𝑠 + 1) = 𝑠Γ(𝑠)
Γ(1 − 𝑠)
= Γ(𝑚 + 𝑟)
= (𝑟 + 𝑚 − 1) ... (𝑟 + 1)(𝑟)Γ(𝑟)

When , by Theorem 4.2.4, Theorem𝑟 ϵ 1
3 , 1

4{ }
4.2.5, and Conjecture 4.2.6, isπ𝑠−1Γ(𝑟)
transcendental.
Since is algebraic,(𝑟 + 𝑚 − 1) ... (𝑟 + 1)(𝑟)

is(𝑟 + 𝑚 − 1) ... (𝑟 + 1)(𝑟)Γ(𝑟)π𝑠−1

transcendental, i.e., isπ𝑠−1Γ(1 − 𝑠)
transcendental. Then the product of a non-zero
algebraic number and a transcendental2𝑠𝑠𝑖𝑛( π𝑠

2 )

number is transcendental. Hence,π𝑠−1Γ(1 − 𝑠)
is transcendental.ζ(𝑠)

ζ(1−𝑠)
Q.E.D.

Now suppose that Conjecture 4.2.6 is false. Even
though we know that both (Theoremπ𝑠−1,  𝑠 ≠ 1
4.2.1(3)) and (Hölder's theorem) areΓ(1 − 𝑠)
transcendental, we cannot determine the
transcendence of their product unless we know
sufficient properties about . In other words, we𝑠
have to prove that Conjecture 4.2.6 is true for
Proposition 4.2.7 and Proposition 4.2.8 to stand
true. This leads to a question for future research:

Question 4.2.10 What is the necessary condition
for a product of 2 transcendental numbers to be
transcendental?

Attempted answer: Notice that a simple example
of , where is a transcendental number,𝑡⋅ 1

𝑡 = 1 𝑡
shows that the product of 2 transcendental
numbers needs not be always transcendental.
Although it is difficult to arrive at a conclusive
answer at this point, we can know more about the
properties of the product of transcendental
numbers from the following lemma:

Lemma 4.2.11 If and are two transcendentalα β
numbers, then at least one of or isα + β α · β
transcendental. Alternatively, and are bothα β
algebraic if and only if and are bothα + β α · β
algebraic.

Proof: Suppose there exist and that are bothα β
transcendental numbers with andα + β = 𝑎

, where are algebraic. Simplifyingα · β = 𝑏 𝑎,  𝑏
these 2 equations, we obtain a polynomial
equation with algebraic coefficients,

. By the Fundamental Theoremα2 + 𝑏α − 𝑎 = 0
of Algebra, a polynomial with algebraic
coefficients always gives algebraic roots. Hence α
will be an algebraic root, contradicting the
assumption that is transcendental. Thus, forα
transcendental numbers and , andα β α + β α · β
cannot be algebraic simultaneously. In other
words, with the condition and areα + β α · β
both algebraic, and must be algebraic.α β
Q.E.D.
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Concluding from Theorem 4.2.1 and Lemma
4.2.11, the following graph (Figure 3) provides a
visual representation of some useful
generalisations about calculations that involve:
algebraic numbers only, transcendental numbers
only, and both of them.

Figure 3: Classification of the results of sum and product of:
①2 algebraic numbers, ②1 algebraic and 1 transcendental

number, and ③2 transcendental numbers

Example: Now with Figure 3 as a reference, we
can review Proof of Proposition 4.2.3 to gain new
insights about algebraic and transcendental
numbers. Suppose that we know Theorem 4.2.1
and Lemma 4.2.11 but do not know Proposition
4.2.3. To determine whether and𝑐𝑜𝑠(𝑘π) 𝑠𝑖𝑛(𝑘π)
are transcendental or not, we can first examine
the product of them:

. Then, the sum of𝑐𝑜𝑠(𝑘π) 𝑠𝑖𝑛(𝑘π) = 1
2 𝑠𝑖𝑛(2𝑘π)

them,  𝑐𝑜𝑠(𝑘π) + 𝑠𝑖𝑛(𝑘π) = 2𝑠𝑖𝑛(𝑘𝜋 + π
4 ).

Notice that now it is only possible for ,𝑐𝑜𝑠(𝑘π)
, their product, and their sum to be all𝑠𝑖𝑛(𝑘π)

transcendental or algebraic (Lemma 4.2.11).
Otherwise, if and are numbers𝑐𝑜𝑠(𝑘π) 𝑠𝑖𝑛(𝑘π)
such that one is algebraic and the other is

transcendental, would be transcendental𝑒
𝑖 𝑎π

𝑏

(Theorem 4.2.1(4)), yielding a contradiction.
Then, if we know one of and to𝑐𝑜𝑠(𝑘π) 𝑠𝑖𝑛(𝑘π)
be algebraic or transcendental, the other one is
automatically algebraic or transcendental
accordingly.

Extensions: In addition to transcendental
numbers, hypertranscendental numbers can
similarly be obtained from hypertranscendental
functions. A complex number is said to be
hypertranscendental if it is not the value at an
algebraic point of a function which is the solution
of an algebraic differential equation with
coefficients in and with algebraic initialℤ[𝑟]
conditions [24], i.e., a function that is
transcendentally transcendental.

The term “hypertranscendental number” was
introduced by D. D. Morduhai-Boltovskoi in
“Hypertranscendental numbers and
hypertranscendental functions” (1949). In
particular, the number is transcendental but not𝑒

hypertranscendental, as it can be generated from
the solution to the differential equation .𝑦' =  𝑦

Notice that when functions and numbers are
associated with 3 concepts: “algebraic”,
“transcendental”, and “hypertranscendental”
respectively, they have important relations with
each other. The following graph (Figure 4) makes
it more convenient to distinguish these concepts
from each other.

Figure 4: Classification of “algebraic”, “transcendental”,
“hypertranscendental” functions and numbers

5 CONCLUSION

Inspired by Hölder's Theorem, as well as the
properties and some specific values of the
Riemann zeta function and the Gammaζ(𝑠)
function , we have been able to successfullyΓ(𝑠)
provide a relatively more complete list of
transcendentally transcendental functions (Table
1) and transcendental numbers (Table 2) mainly
using proof by contradiction and theories related
to differential fields. Future researchers can
continue to explore the necessary condition(s) for
the product of 2 transcendental numbers (e.g. π𝑘

and ) to be transcendental. Thus, with theΓ(𝑠)
functional equations of more special functions
involving or together with some knownΓ(𝑠) ζ(𝑠)
values of these functions, more transcendental
numbers, or even hypertranscendental numbers,
can be obtained.

Moreover, the transcendentally transcendental
functions proven here can be useful for the
analysis of dynamical systems in physics and
engineering [26]. Due to the very nature of
transcendental numbers, they can be utilised in
cryptography to ensure the security of several
systems such as the online banking system.

(Note: for Table 1 and Table 2, generally,
, is a Dirichlet𝑠, 𝑥, 𝑦 ∈ ℂ,  𝑘 ∈ ℚ,  𝑧 ∈ ℤ χ

character.)
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Table1: List of Transcendentally Transcendental Functions

Index Transcendentally Transcendental
Functions

1 Gamma function Γ(𝑠)

2 Riemann zeta function ζ(𝑠)

3 Barnes G-function 𝐺(𝑠)

4 Kurepa’s function 𝐾(𝑠)

5 Hurwitz zeta function ζ(𝑠, 𝑘)

6 Multivariate gamma function Γ
𝑝
(𝑠)

7 Dirichlet L-function 𝐿(𝑠, χ)

8 Dirichlet eta function η(𝑠)

9 Beta function 𝐵(𝑥, 𝑦)

10 Gauss's Pi function ,Π(𝑠)

Table2: List of Transcendental Numbers

Index Transcendental
Numbers

1 π𝑘

2 𝑒,  𝑒π, 𝑒π 3

3 , whereΓ(𝑧 + 𝑟)
𝑟 = 1

6 , 1
4 , 1

3 , 1
2 , 2

3 , 3
4 , 5

6

If isπ𝑘Γ(𝑠)
always
transcendental

4 ζ( 2
3 )

ζ( 1
3 )

5 ζ( 3
4 )

ζ( 1
4 )

6 ζ(𝑠)
ζ(1−𝑠) , 𝑠 = 𝑧 − 𝑟,  

, 𝑟 ϵ 1
3 , 1

4{ }
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