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Abstract

This paper proposes a test for the null of sphericity in a fixed effects panel data model. It
uses the Random Matriz Theory based approach of Ledoit and Wolf (2002) to test for the null of
sphericity of the error terms in a fixed effects panel model with a large number of cross-sectional
units and time series observations. Since the errors are unobservable, the residuals from the fixed
effects regression are used. The limiting distribution of the proposed test statistic is derived.

Additionally, its finite sample properties are examined using Monte Carlo simulations.
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1 Introduction

This paper proposes a new test for the null of sphericity of the remainder disturbances in a fixed
effects panel data regression model with large n and 7" based on a random matrix theory (RMT)
approach. This is important for applied panel data work given the numerous applications that
report fixed effects estimates ignoring cross-section dependence or heteroskedasticity. We offer this
test as a diagnostic.! One can always report robust HAC type options for the fixed effects estimates
perhaps corrected for finite samples, see the simulation results in Long and Ervin (2000) in case of
heteroskedasticity and the recommended finite sample correction by MacKinnon and White (1985).
The popular method for robustifying the fixed effects estimator to account for heteroskedasticity
in panels is based on Arellano (1987). This is programmed by Stata, see also Hansen (2007) and
Stock and Watson (2008). For spatial HAC corrections, see Conley (1999), Driscoll and Kraay
(1998) and Kelejian and Prucha (2007). More recently, the HAC suggested by Bester, Conley, and
Hansen (2009) using dependent data in time series, spatial and panel data, seem to be promising.?
Of course, if one is willing to put more formal structure on the form of cross-section dependence or
heteroskedasticity, one can re-estimate the model using this structure. Conley and Molinari (2007)
investigated the impact of location/distance measurement errors upon the accuracy of parametric
and nonparametric estimators of asymptotic variances. They also suggested a specification test
based on a parametric bootstrap that has good power properties for the types of measurement
error they considered. The asymptotic results for our test statistic require large dimensional panels
and these are becoming more available, especially in finance and marketing, e.g., scanner data
on thousands of customers over a long period of time in marketing research, and stock purchases
for thousands of firms over a long period of time in finance. We base our test on the statistical
literature which assumes normality and typically focuses on the raw data. In order not to impose
any structure on the covariance matrix using the raw data, statisticians have based their tests
for the null of sphericity on the n x n sample covariance matrix, denoted by S. However, with

the availability of more data, the dimension of the sample covariance matrix increases, and the

! Another diagnostic test, in the same spirit, is given by Hsiao, Pesaran and Pick (2009) who test for cross-sectional
independence in nonlinear panel data models.

2One important warning however. Unlike heteroskedasticity, certain types of cross-sectional dependence in the
data may result in the inconsistency of OLS, see Andrews (2005) for a factor model example, and Lee (2002) for
a spatial autoregressive model example. See also, the more recent paper by Bai (2009) who considers a panel data
model where the cross-section dependence is generated by interactive fixed effects. For this model, the usual fixed
effects estimator would be inconsistent, and hence a HAC based on standard fixed effects residuals may lead to
missleading inference. The point is that in these cases, a HAC estimate may not be sufficient to correct the effect of
cross-sectional dependence.



researcher is soon faced with the “curse of dimensionality”. Also, when n exceeds T', the sample
covariance matrix S becomes singular. Even when n /T is smaller than 1, but n is still large, the
n X n sample covariance matrix S will be ill-conditioned. These, in turn, cast doubt on any test
involving S including the likelihood ratio test (Ledoit and Wolf, 2004). More importantly, the RMT
literature shows that the sample covariance matrix is not a consistent estimator of the population
covariance matrix when n is large and comparable with 7. Since S is a random matrix, not a
random variable or a random vector, a different concept of consistency is applied to account for the
change of dimensionality. The spectral norm and Frobenius norm of a matrix are often used in this
literature. In fact, Geman (1980) shows that when the sample is from an iid normal distribution
with zero mean and an identity variance-covariance matrix, the spectral norm of .S does not converge
to that of the identity matrix.? In addition, the largest eigenvalue of the sample covariance matrix
follows a Tracy-Widom distribution asymptotically, e.g., Johnstone (2001). These results are very
different from the textbook results in multivariate statistics with fixed n and large T In the latter
case, the eigenvalues of S are consistent estimators of the population eigenvalues (Theorem 13.5.1
in Anderson (2003)). Additionally, Ledoit and Wolf (2004) show that the scaled Frobenius norm of
the sample covariance matrix does not converge to that of the population covariance matrix. The
intuition behind these results is straightforward. In large n and T panels, the noise contained in
each element of S is the same as in the case of fixed n, and its magnitude is 1/7". However, in a
setup with comparably large n and T', the noise involving all the elements of S accumulates with
increasing n. This can not be smoothed away by a large 7" as in the case with fixed n.

To account for the “curse of dimensionality” in testing for the null of sphericity with large
panels, a RMT approach is introduced. The RMT literature provides useful asymptotic results in
this setting with comparably large n and 7. Based on the work of John (1971) and Ledoit and
Wolf (2002), this paper proposes a test for the null of sphericity of the disturbances of a fixed
effects panel data model with comparably large n and T. We call it the John test. Its limiting
distribution under the null is derived and its finite sample properties are studied using Monte Carlo
experiments.

The organization of the paper is as follows. The next section briefly discusses the fixed effects

panel regression model and the hypothesis to be tested. Section 3 studies the proposed John test,

1f 7 converges to a non-zero constant ¢ as (n,T’) — oo then the eigenvalues of the sample covariance matrix will
spread from (1 — 1/c)? to (14 v/c)°, while all the eigenvalues of the population covariance matrix (identity matrix)
are 1. See Bai (1999) for a survey. This paper follows the concept of asymptotics in Ledoit and Wolf (2002): n and
T go to infinite jointly with comparable convergence rate. Please see Assumption 3 below.



while Section 4 derives its limiting distribution. Section 5 discusses the finite sample bias of this
test. Section 6 compares the size and power of the proposed test as well as the traditional tests for
cross-sectional dependence using Monte Carlo experiments. We include these tests because under
homoskedasticity, testing the null of sphericity is equivalent to testing the null of no cross-section
dependence. Section 7 concludes. The appendix contains all the proofs and the technical material.

Notation: The Frobenius norm of a matrix A is denoted as ||A|, = (tr(A’A))1/2, where tr(A)
denotes the trace of A. % denotes convergence in distribution and 2, denotes convergence in

probability.

2 The Model and Assumptions

Consider a fixed effects panel regression model:
Vit = a+ TS+ p; vy, fori=1,..,n; t=1,....T (1)

where ¢ indexes the cross-sectional units and ¢ the time series observations. y;; is the dependent
variable and x;; denotes the exogenous regressors of dimension k x 1, 5 denotes the corresponding
slope parameters. p,; denotes the time-invariant individual effects. The individual effects are allowed
to be fixed or random and they could be correlated with the regressors. For a detailed discussion,
see Baltagi (2008). The idiosyncratic error v is assumed to be not serially correlated over time
and independent of the x;, but otherwise is allowed to have a general variance-covariance matrix

across the individual units. Let v, = (v1g, -+, vp7)

Assumption 1 The n x 1 vectors vi,va --- ,vr are assumed to be iid N(0,%,).

Here, the n x n population variance-covariance matrix >, allows for heteroskedasticity as well
as a general form of cross-sectional dependence structure which is assumed to be stable over time.

The null hypothesis of sphericity is given by:
Hy: %, = oI, (2)

The alternative hypothesis H, : ¥, # o2I,, implies cross-sectional dependence or heteroskedasticity
or both.
For panel data with fixed n and large T, classical multivariate statistics shows that >,, can be

consistently estimated by the n xn sample covariance matrix S. It follows that S reveals information



on cross-sectional dependence. Hence, tests can be constructed based on S or its sample correlation
coefficients matrix counterpart, see Ng (2006) and Breusch and Pagan (1980).

In the statistics literature, (2) is usually tested using the raw data and not in a regression
context, see John (1971). Ledoit and Wolf (2002) extend John’s (1971) work and study a test for
the null of sphericity of large-dimensional covariance matrices. They show that with large n and T,
the test statistic proposed by John (1971) still works but follows a different limiting distribution.
This paper extends their work to test for the null of sphericity of the disturbances of a fixed effects
panel data regression model. *

Since v;; is unobservable, the test statistic is based on consistent estimates of the regression
residuals. We use the within estimator for the slope parameter 3:

n T “Llrn T
B= [Z Z fitf;t] [Z Z 55z‘t37it] (3)

i=1 t=1 i=1 t=1
where T;; = ©;4 —7;., and T;. = % Zthl x;t. The variable y;; is defined similarly. It is well established
that under Hy, B is consistent. The within estimator wipes out the time-invariant variables whether
observed or not. In this sense, this estimator is robust to the omission of time-invariant variables
from (1) that are unobserved. Simultaneously, this estimator guards against possible endogeneity

between time-invariant regressors and the error term. The residuals v;; can be obtained as follows:
Vit = it — Tyy3- (4)

Having v, the residual-based sample covariance matrix can be obtained as S = % Zthl 040,
where v = (014, - - - ,@nt)/ for t = 1,---,T. Unlike the multivariate analysis and RMT literature
setting, this paper considers a panel fixed effects regression model. Consequently, the effect of
replacing the error v; with the residual 9; on the asymptotics is examined. The other assumptions

needed to derive the asymptotics are given below.

Assumption 2 The regressors {xy, i =1,--- ,n, t =1,--- T} and the idiosyncratic disturbances
{vit, i =1,---,n, t = 1,--- T} are independent. The regressors {xy} have finite 4th moments,

El|lzi||"] < K < 0o, where K is a positive constant.

The normality assumption may be strict but it is standard in this literature. Assumption 2 is

required for the consistency of the fixed effects estimator.

‘Kapetanios (2004) relaxes the assumption of homoskedasticity in Ledoit and Wolf (2002). Unlike the raw data
setup in Kapetanios (2004), this paper considers a fixed effects panel data model, and applies the sphericity test on
fixed effects residuals.



Assumption 3 7 — c € [0,00) as (n,T) — oo.

We consider an asymptotic framework employed by Ledoit and Wolf (2004). Unlike the standard
asymptotics, where only 7' increases, or n increases, the framework (n,7) — oo considered here
regards n as a sequence indexed by 7', denoted as np. As T goes to infinity, np/T approaches a

constant c. For simplicity, we suppress the subscript 1" of n in the rest of the paper.

3 John Test

We propose the following test statistic for testing the null of sphericity described in (2) based on

the sample covariance matrix of the fixed effects residuals:

T(LtrS)214r(82) — T —
J= (nr) nr( ) n_}_L (5)
2 2 2T —1)

where S = % Zthl 040} is the n x n sample covariance matrix computed using the within residuals
0¢. Since this test is based upon the raw data test proposed by John (1971), it is referred to as the
John test in this paper and (5) is thus called the John statistic. The limiting distribution of the
John statistic (5) is a standard normal under the null, as shown in the next section .

The discussion begins with the simple raw data case, and then extends it to the fixed effects
model (1). Under the normality assumption, the n x n sample covariance matrix S = 1 Zthl (o
follows a Wishart distribution with degrees of freedom 7. In the traditional case with fixed dimen-
sion n and T" — oo, the most commonly used test statistic to test the null (2) is the likelihood ratio
test. However, when n > T, S is singular and the likelihood ratio test is not feasible. John (1971)
proposes a test for the null hypothesis of sphericity described in (2) in the case of fixed n and large
T. In this context, this test statistic is given by:

U— %tr [(:LtrS)_lS _ In] g (%tTS)—Q[%tr(SQ)] 1 (6)

where S is the n x n sample covariance matrix and I, is the n X n identity matrix. Note that
%trS is the average of the eigenvalues of S, and as shown below, %t’I“S converges to o2 under

the null. Thus, (%trS)fl S can be regarded as a sample version of (¢2)7'%,. Since the null

2

=1y, — I, = 0, using the matrix norm notation introduced

hypothesis (2) can be written as (o

_ 2
above, U = % H (%trS) s I, . can be regarded as the Frobenius norm of a sample version of
(02)71%,, — I,,, measuring the deviation of the scaled S from the identity matrix. A large value of

U indicates a significant deviation of 3, from sphericity.



John (1972) shows that under the null, and using the normality assumption,

T
%U < Xi(nﬂ)/%l for fixed n, as T — oc. (7)

However, as n — oo, LU diverges. Ledoit and Wolf (2002) derive the limiting distribution of a

modified test statistic under the null, as (n,T) — oo with n/T — ¢ € (0, 00)?
TU —n % N (1,4). (8)

Define the statistic Jy = TUQ_” — %, then®

Jo % N(0,1). (9)

A similar test was proposed by Srivastava (2005).7

In the fixed effects panel data model, we replace the raw data S by its counterpart S =

+ Zle 40}, where @y is the within residual in (4). Thus, the residual-based U is

U= (=tr85)"2=tr(5?) -1 (10)
and the residual-based statistic of Jy is defined as:

. TU-n 1
Jo=—— — =, 11
0 5 5 (11)

’Birke and Dette (Theorem 3.7, 2005) point out that (8) holds in cases of n/T — 0 and n/T — co. Therefore,
the case of ¢ = 0 is included in Assumption 3.

SEquation (9) can be regarded as a normalized version of (7) by substracting its asymptotic mean and dividing
by its asymptotic standard deviation. For large n,

1 {nT nntl) 1
Mt x .

nn+1)—2[ 2 ( 2
"The test statistic proposed by Srivastava (2005) for the null (2) is defined as:

T
W=50G-1)

where § = [T?/((T — 1) (T + 2))] (Ltr (S))f2 L1tr (8?) — % (tr (S))*]. Srivastava (2005) showed that under the null
w4 N(0,1)

for T =0 (n5) with 0 < & < 1. In fact, this test statistic is asymptotically equivalent to John test (6). We can write

W as
T2 TU -—n 1 T(T-2)

(T-1)(T+2) 2  2(T-1)(T+2)
Hence, W =~ % — % = Jo for large T', implying the equivalence of the statistic W and that in (9).

W =




However, Jo can not be used directly to test for the null of sphericity in the fixed effects
panel model (1). As shown in the next section, a bias occurs using the residual-based statistic
Jo by replacing v; with the within residuals ¢;. Consequently, we propose the John statistic J.

Comparing (5) and (11), we see that the John statistic is just a bias-corrected Jo:

n

Jmdo—
07 2T 1)

(12)

4 Asymptotics of the John Test

This section shows that for the fixed effects regression model (1) the John statistic J in (5) follows
asymptotically a standard normal distribution under the null.
Equation (12) shows that the John statistic J is a bias-corrected Jo. J can be written as the

sum of three terms

n (0 - U) n
TG ) B R TC N VR

A n ~
J—JO—W—JO"‘(JO—JO)—

The first term Jy is asymptotically standard normal. The second term Jy — Jy is just the scaled
difference between the residual-based U and the true U. We will show that the sum of the second
and the third terms vanishes asymptotically. Therefore, the John statistic J has the same limiting

distribution as .Jo which is a standard normal. By (6) and (10), the bias term (Jo—Jo) = T(U—U)/2

(;tr5>271ltr(5’2) - <itr5’)2it7“(52)] <11%t7“5’> - <itr5) _2' (14)

It is clear that this bias term depends on the following differences: %tré’\ — %trS and %tré’\ 2_ %tr(S 3,

can be written as:

TwU-U) T
2 2

which are studied in the next two propositions.

Proposition 1 Under Assumptions 1 and 2,
1 -~ 1 1
—trS — —trS = 0,(=). 15
~1r5 — ~trS = Oy(7) (15)

Proposition 2 Under Assumptions 1 and 2,

1 o 1,0 1 n



The proofs of Propositions 1 and 2 are given in the Appendix. Due to the fact that the trace
is equal to the sum of the eigenvalues, Proposition 1 gives the magnitude of the distance between
the average of the sample eigenvalues and that of the true eigenvalues. In RMT, the average of the
eigenvalues is defined as the first moment of the empirical spectral distribution (ESD) of S (e.g.,
Bai and Silverstein, 2006, p.9), so Proposition 1 provides the consequence, on the first moment,
of replacing the unobservable sample covariance matrix with the residual-based one. Similarly,
Proposition 2 shows the consequence of replacing S with S on the second moment of ESD.

Under Assumption 3, n/T — ¢ € [0, 00), the distance between S and S is of order 1/T. For the
case of fixed n, it is easy to show that the distance is of O, (1/T).

Propositions 1 and 2 show that as T — oo, the difference of the first and second moments of
eigenvalues between the residuals and the unobservable disturbances vanishes. Proposition 1 of
Ledoit and Wolf (2002) shows that 1¢rS and 1tr(S?) converge to o2 and (14 c) o, respectively,
as (n,T) — oo with n/T — ¢ € (0,00).8 Consequently, it is straightforward to obtain the limits of

%tré\ and %tr§2.
Corollary 1 Under Assumptions 1 and 2, as (n,T) — oo,

1~
—trS % o2

3

The limit of %trg requires no restriction on the relationship between n and T'. However, this is

not the case for %tr§2. Assumption 3 is needed.

Corollary 2 Under Assumptions 1, 2 and 3, as (n,T) — oo,

1 n
EtTSQ - (14 T)Uﬁ 0.

The results above show that the scaled trace of S and 52 are bounded. The limit of the trace
of §2 is related to the ratio n /T. When n increases with 7', the noise accumulates and the result
is affected by the ratio of n/T. Corollary 2 follows directly from the proof of Proposition 2.

With the results on the difference of trace between S and S in Propositions 1 and 2, it is

T(U-U)

straightforward to calculate the probability limit of ———=. This is summarized in the following

proposition:

8Proposition 1 of Ledoit and Wolf (2002, p. 1083) presents a slightly different form. The proof of these results
with higher order terms can be found in Lemma 2 in the Appendix of this paper.



Proposition 3 Under Assumptions 1, 2 and 3,

T(U -U) n o1
2 2T —-1) Op()- (17)

Proposition 3 indicates that the bias term Jy — Jo = T(U — U) /2 vanishes as (n,T) — oo in the
case of no fixed effects. However, in the presence of fixed effects, this bias does not vanish and the
bias converges to ¢/2, where n/T — ¢ € [0,00) as (n,T") — oo. Hence, for the fixed effects model
(1), the residual-based statistic Jo is biased. The histogram of Jo is illustrated in Figure 1.

Proposition 3 suggests a bias adjustment term, ﬁ, for the residual-based statistic .Jo in a
fixed effects panel regression model. It follows that under the null, the John statistic in the fixed
effects panel regression model (1) J = Jy+ (Jo — Jo) — ﬁ has the same limiting distribution as

Jo which is standard normal.

Theorem 1 Under Assumptions 1, 2 and 3, in the fized effects regression model (1), as (n,T) — oo

JLN(0,1). (18)
5 Finite Sample Bias Adjustment

The bias term 5 for Jo — Jo in the fixed effects panel model is derived under the assumption

n
T-1)
n/T — c € [0,00) as (n,T) — 00.”

Corollary 3 Under Assumptions 1, 2 and 3, in the fized effects model (1)

: T -U)  F0%— 4505 + Op(Jn) + Op(YH) + Op(Jr)
Jo=do= 2 - 2(T-1)% 8 1 ’ (19)
T2 Oy + Op(ﬁ)

Corollary 3 is from (39) in the proof of Proposition 3 in the Appendix. When /n/T — 0, a

good approximation for the bias (19) becomes

%ag - %0% _ n (20)
s 2T 1)

Consequently, we propose the following John statistic for the fixed effects panel regression model:

a n

J = Jo+ (J() - J()) — m (21)
T(%trﬁ)_Q%tr(S’Q) -T—-n 1 n
= 5 ST (22)

9This paper derives the bias term for the standard fixed individual effects model. If time effects are also included,
a similar bias-term can be derived. The derivation is tedious, but straightforward.
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Figure 1: The Histogram of jo under the null of sphericity in the Fixed Effects Model

Note: The design is described in Section 6 and the replication number is 2000, n =50, T = 10.



The bias term 5y is valid for any n and T' satisfying n/T — c € [0,00). Obviously, v/n/T — 0
can be regarded as special case of n/T — ¢ € [0,00). The finite sample properties of the John test
will be explored using Monte Carlo experiments in the next section.

Proposition 3 and Figure 1 show that the bias term Jo — Jo can not be ignored in a fixed effects
model when n is large. To test for the null of sphericity of the idiosyncratic errors v;;’s, consistent
estimates of v;’s are needed. The within residuals in the fixed effects model are consistent as
T — o0, and the convergence rate depends on 7. When T is not very large, within residuals are
inaccurate. It is this inaccuracy that accumulates in the bias term Jo — Jo. Consequently, the bias
term jo — Jop lingers in the fixed effects model.

Specifically, in a fixed effects panel regression model in (1)
Vit = a + T8+ p; + vir.
The distance between the within residuals v;; and the idiosyncratic error vy is
Bt = vit = 0. — F(B = B) = Op(T™Y/2) + 0, (n1)71/2) = 0,(T/2) (23)

where 3 is the within estimate, 7; = % Z::F:l vy and T = Ty — % Zle Tt
In (14), since the denominator is always bounded, the magnitude of this distance is determined

by the numerator, which in turn depends on differences involving first and second moments of S

and S.

1
~
tUy —

5-§= —
‘ T ;

’Ut 7)1/5

N =
M=
M=

t
where the 7;’s are within residuals. After some algebra, we get
1 T

T & (B — 5$VF Zxd B)(B — B)'T, — v, (24)

L A

'ﬂ \

Here Z; is the within transformation on x4, and ¢; is similarly defined. (24) has an additional term
—.0', which comes from the within transformation. As shown in the Appendix,
1 - T

T 1 T
b | = S (B )= X 0B = )+ 7 X (-

OG- 83| =0 @)

However, the scaled trace of the extra term from the within transformation has a bigger magnitude,

1
—tr(—v.0') = —

3
SRS

I

L
S\H

i

I



which dominates Op(niT) for comparably large n and T. Therefore,

~ 1 1 1

L1r(5 —8) = Op( ) + Opl) = Oyl

Consequently, the distance of the first and second moments (between S and S) is so large that the
bias term Jy—.Jy can not be ignored asymptotically as shown in (17). As a result, the residual-based

statistic Jy exhibits a shift and is subject to asymptotic bias.

6 Monte Carlo Simulations

In this section, we conduct Monte Carlo experiments to assess the empirical size and power of the
John test proposed in this paper. Throughout the experiments, we assume homoskedasticity on
the remainder error term. This means that testing the null of sphericity is equivalent to testing
the null of no cross-section dependence. Hence, we include in our experiments Pesaran’s (2004)
CD test and the bias-adjusted LM test derived by Pesaran, Ullah, and Yamagata (2008), denoted
as PUY’s LM test. The latter tests are based on sample correlation coefficients and test for zero

cross-section dependence. The John test is given by (5), while PUY’s LM test is defined as:

2 = i (T — k)pij — by

PUY’s LM =
n(n—1) /=3 ;55 VT4
where
1
Py = mtT(MiMj)
and
U’%ij = [tT(MiMj)]QalT + QtT[(MZ’Mj)Q]CLQT
with
1
alr = a1 — m,
o = g (T —k=8)(T —k+2)+24 2
T T —k+2)(T—k—2) (T —k—4)

Note that M; is the residual maker matrix of the individual regression ¢, while k is the number of

the regressors.!? Pesaran’s CD test statistic is defined as:

Pesaran’s CD = (| ———— > > Di;

Oprn =1 — Xi(X{Xi)*lX{, where X; = (w1, ,x;7)" contains T observations of the regressors in the individual
regression ¢.



where p;; is the sample correlation of the residuals v;;. Specifically,
T, -1/2 , p , -1/2
Pij = (Z vit) (Z th) > VitUji-
t=1 t=1 t=1
We do not include the traditional Breusch and Pagan (1980) LM test statistic since it is not

applicable when n — oc.

6.1 Experiment Design

The experiments use the following data generating process:

Yir = a+6mit+#i+vitaizl?"'an;tzla"'vTa (26)

Tit = PTit—1 + M+ Mg (27)

where p,; is the fixed effect. The regressor x;; is generated in a similar way to that of Im, Ahn,
Schmidt and Wooldridge (1999). Since w;; is correlated with the puls, it is endogenous. 7, ~
iidN (¢, 0'727), and vy is the idiosyncratic error.

Under the null, vy is assumed to be iidN (0, 02) across individuals and over time. To calculate
the power of the tests considered, two different models of the cross-sectional dependence in the v,s
are used: a factor model and a spatial model. In the former, see Pesaran (2004) and Pesaran and

Tosetti (2008) to mention a few, it is assumed that
Vit =Yt + Eit (28)

where f; (t =1,---,T) are the factors and ; (i = 1,--- ,n) are the loadings. In a spatial model,
see Anselin and Bera (1998) and Baltagi, Song, and Koh (2003), to mention a few, we consider
both a first-order spatial autocorrelation (SAR(1)) and a spatial moving average (SMA(1)) model

as follows:

vie = 0(0.5v;—1¢+ 0.5vi41,¢) + €it, (29)

Vit = 5(0.581'_1773 -+ 0.561'_;,_17,5) + Eit. (30)

For these specifications (28), (29) and (30), &;; is assumed to be #idN (0, 02) across individuals and
over time. The null can be regarded as a special case of 7; = 0 in the factor model (28) and § =0
in the spatial model (29) and (30).

The parameters o and [ are set arbitrarily to 1 and 2 respectively. The puls are assumed

to be iidN((;S#,JZ) for i =1,--- ,n. We set ¢, = 0 and O'Z = 0.25. For the regressor in (27),



p = 0.7 and ¢, = 0 and 0727 = 1. vy (under the null) and €;; (under the alternative) are from
N(0,02) and N(0,02) with 02 = 02 = 0.5. For the factor model in (28) v; ~ iidU(—0.5,0.55) and
fi ~4idN(0,1). For the spatial model § = 0.4 in (29) and (30).

The Monte Carlo experiments are conducted for n = 5, 10, 20, , 30, 50, 100, 200 and 7" = 10, 20, 30, 50.
For each replication, we compute the John, CD and PUY’s LM test statistics. 2,000 replications are
performed. To obtain the empirical size, the John test is conducted at the two-sided 5% nominal

significance level.

6.2 Results

Table 1 gives the empirical size of the John test under the null of sphericity. Hence, in these
experiments we assume that there is no cross-section dependence of the factor model or spatial
correlation type. By and large, the size of the John test is close to 5% for comparably large n and
T and for small n and large T. This is consistent with the theoretical results derived in Theorem
1 of Section 4. For large n and small T', the John test is slightly oversized. Similarly, the size of
PUY’s LM test is close to 5% except for large n and small T, while the CD test has the correct
size for all combinations of n and T

Table 2 presents the size adjusted power of these tests under the alternative specification of a
factor model. Note that the size adjusted power of the John and PUY’s LM tests increase with n
and T. However, the CD test lacks power in this case. The power of the CD test is less than 23%
even for n = 200 and T' = 50.

Tables 3 and 4 show the size adjusted power of these tests under the alternative specification
of SAR(1) and SMA(1), respectively. Note that all the tests have low power for small T = 10,
but this improves considerably when T" = 20. In these cases, the size adjusted power of John test
is slightly better than that of PUY’s LM test for all combinations of n and 7. The size adjusted
power of the CD test performs much better than in the case of a factor model.!!

Table 5 checks the sensitivity of our tests to non-normal disturbances. The CD and PUY tests
seem robust to non-normality. However, the proposed John test seems to be very sensitive to non-
normality. For the uniform distributions U[-2,2] and UJ[1,2], John’s test has similar size as reported
for the normal distribution. However, it suffers from big size distortion when the error distribution

is Chi-square or a t-distribution. In this sense, the normality assumption (Assumption 1) is very

'1See Pesaran and Tosetti (2008) who distinguish between factor models and spatial models in terms of time specific
weak versus strong cross-sectional dependence.



Table 1: Size of Tests

Size T\n|[ 5 10 20 30 50 100 200

John 10 5.5 7.3 75 83 82 173 9.7
20 5.6 68 55 56 71 7.2 6.2
30 6.0 6.1 56 70 52 6.3 6.4
50 4.9 6.2 51 59 6.8 51 5.2

PUY's LM 10 5.0 5.7 37 64 55 83 24.8
20 4.3 47 42 41 57 58 6.5
30 4.6 4.1 39 63 48 54 6.2
50 4.4 50 55 48 6.1 43 4.6

Pesaran's CD 10 5.4 5.2 5.9 5.7 4.4 5.0 6.2
20 5.4 4.2 49 53 5.0 6.1 5.8
30 4.4 4.9 5.3 47 6.5 5.4 5.0
50 4.6 5.4 4.8 55 4.1 49 4.3

Note: In a fixed effects panel data model specified in Section 6, this table reports
the size of the John test, Pesaran, Ullah and Yamagata (2008) (PUY) LM test

and Pesaran's (2004) CD test. Homoskedasticity and normality of the idiosyncratic
errors are assumed. These tests are conducted at the two-sided 5% nominal
significance level.



Table 2: Size Adjusted Power of Tests: Factor Model

Size Adjusted Power [T\n[f 5 10 20 30 50 100 200
John 10| 94 148 378 473 717 88.0 94.8
20 [18.7 35.1 674 86.7 955 99.8 100.0

30 [24.6 553 88.1 947 99.6 100.0 100.0

50 [45.4 80.1 97.8 99.8 100.0 100.0 100.0

PUY's LM 1071 122 322 376 629 842 92.0
20 [17.7 327 613 802 93.1 995 100.0

301233 51.3 846 935 994 100.0 100.0

50139.6 75.0 96.3 995 99.9 100.0 100.0

Pesaran's CD 101 49 69 5.2 6.8 6.6 7.0 9.8
20182 97 83 95 105 118 135

30110 86 9.9 126 90 121 15.8

50 1140 12.2 134 144 16.4 185 22.6

Note: In order to calculate the size adjusted power, a factor structure model is
assumed to allow for cross-sectional dependence in the errors, see Section 6.



Table 3: Size Adjusted Power of Tests: SAR (1) Model

Size Adjusted Power |T\n| 5 10 20 30 50 100 200

John 10 | 339 346 402 344 420 445 450
20| 726 771 872 899 880 912 945
301915 969 996 989 991 996 99.8
50 1 99.9 100.0 100.0 100.0 100.0 100.0 100.0

PUY's LM 10 | 266 225 294 200 239 274 246
201695 702 780 794 746 751 799
30 1917 958 981 973 974 986 9938
50 | 99.8 100.0 100.0 100.0 100.0 100.0 100.0

Pesaran's CD 10 [ 58.9 50.4 46.2 478 453 415 38.9
20 1843 785 723 723 68.1 66.8 67.6
30 1963 875 87.7 853 850 829 823
50 | 99.6 98.7 980 974 971 96.0 97.3

Note: In order to calculate the size adjusted power, a SAR (1) error structure is
assumed to allow for cross-sectional dependence, see Section 6.



Table 4: Size Adjusted Power of Tests: SMA (1) Model

Size Adjusted Power [T\n| 5 10 20 30 50 100 200
John 101166 19.0 224 169 229 241 25.6

20 | 45.0 50.6 63.8 655 66.8 66.3 65.6

30752 842 902 921 946 952 94.8

50198.6 99.9 100.0 100.0 100.0 100.0 100.0

PUY's LM 101159 166 212 126 16.2 20.6 15.4
20 1523 525 615 621 611 593 63.5

30 (856 857 900 905 910 91.0 89.4

50 [99.6 99.9 100.0 100.0 100.0 100.0 100.0

Pesaran's CD 101382 322 336 323 317 306 26.8
20 | 625 547 54.1 53.0 455 471 a7.7

30839 704 666 677 685 64.7 67.6

50965 912 889 887 855 85.1 87.2

Note: In order to calculate the size adjusted power, a SMA (1) error structure is
assumed to allow for cross-sectional dependence, see Section 6.



Table 5: Size of Tests with Non-normal Errors

N(0,0.5) U[-2,2] U[L,2] Chi2(1) 1(4)

Size  [T\n[20 50 100{20 50 100] 20 50 100[ 20 50 100] 20 50 100
John | 10|75 82 7.3]|9.8 11.1 7.7]10.6 11.6 8.3]|65.0 77.9 81.2|37.5 44.8 56.0
30|5.6 52 6.3/8.9 93 7.7/ 9.1 9.4 7.6/83.8 92.5 94.8/52.2 63.6 75.0

PUY'SLM | 10|3.7 55 83|48 65 40| 46 65 41|68 6.4 123| 46 60 9.3
30(3.9 48 54|50 46 40|48 40 46|87 85 88|61 68 6.8
Pesaran's CD| 10 |5.9 4.4 50|51 59 43|56 59 44|48 51 53|55 48 45
30|5.3 65 54061 54 45|63 57 52|54 48 43|47 59 65

Note: In order to check the sensitivity of the tests to non-normal disturbances, uniform distributions
U[-2,2] and U[1,2], Chi-square distribution with 1 degree of freedom, Chi2(1) and t-distribution
with 4 degrees of freedom, t(4) are considered. The normal case is also presented for comparison.



crucial, and our test is not robust to non-normality.

7 Conclusion

This paper proposes a new test for the null of sphericity of the disturbances of a fixed effects panel
data regression model. Under homoskedasticity of the disturbances, this is equivalent to testing
for no cross-sectional dependence. There are several econometric methods that model cross-section
dependence, including the popular spatial correlation models and the factor models. To avoid
the ad hoc specifications imposed on the covariance matrix, a test based on the sample covariance
matrix of a fixed effects panel data regression model is proposed. Following Ledoit and Wolf (2002),
we propose a John test using the fixed effects residuals. The limiting distribution of the proposed
test is derived and its finite sample properties are examined using Monte Carlo experiments. The
simulation results show that the John test performs better than the PUY’s LM test and Pesaran’s
CD test and can be applied in empirical panel data studies using fixed effects residuals. However,
the John test remains oversized for panels with large n and small T. Some of the limitations of
our proposed test is that it is sensitive to non-normality of the disturbances, and its derivation
and asymptotic distribution is heavily reliant on the normality assumption. Another limitation of
our test statistic is the assumption that there is no time series dependence and full independence
between time-varying regressors and time-varying unobservables. The reason we impose these
restrictive assumptions is that we rely heavily on results from random matrix theory which to our

knowledge has not been extended to deal with non-normality, serial correlation or endogeneity.
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Appendix: Proofs of Propositions and Theorems

This appendix includes proofs of the main results in the text. The following lemma is frequently

used in the proofs:

Lemma 1 For a random sequence {Z,}, if EZ2 = O(nY), where v is a constant, then Z, =

0,(n*/?).

In the fixed effects model, y;s = x}, 5+ p; +vit, (3 is the within estimator and the within residuals
are given by Uy = §it — @;tﬁ , where ;: = i+ — ¥;. and T = x4 — ;.. Define U = v — 0;., then, the
residuals 0;; = 05 — :E;t(B — () and in vector form we have v; = v, — :Et(B — (). To obtain T(U -U)

n (14) we need to calculate four terms: trS, 1¢r(5?), %trS’ and %tr(sa). The following lemma

is needed to prove Theorem 1.
Lemma 2 Under Assumptions 1 and 2,

(a) ltrS—a +0, (\/ﬁ)

(b) 5tr(S%) = (7 + 1)y + Op(7)-

This lemma verifies Proposition 1 in Ledoit and Wolf (2002). Moreover, the results above
provide the order of the higher order terms, which are used in the calculation of the asymptotic
bias of the John statistic.

Proof. Consider (a),
1 T n
—= 2. > Ui2t

IR TR O S
—trS = —ir VU | = — r(vevy) =
n n tt nT' T T35

i
L
3
~
|T
L
:

T n
since \/% > > (vj; — 03) = Op(1). This proves (a).



t(SQ) 1t li , IZT: , 1E§:t( )
—ir = —tr||= VU — VgV = — r (VU040
n n Tt:]_tt TSZ]_SS n 2t:1$:1 t5%s
1 T T
= = t;;::lvtvsv i
1 T
- —nTQt;l tvtvtvt—i— gﬁ;tz Vivsvh vy
1 T n n 9 9 1 T T n n
= 2 D 2L ViVt g 20 D DL DL VitVisjs Uit
L= =1 j=1i=1 s#tt=1j=1i=1
1 T n 4 1 T n n 9 o
- nT? t; i;%‘i' nT? t;%é:m; vt
1 T T n n
ZZZ%U g 2 DL D D VitisUjsUje
s#tt=11i= ML= stpt=1 j£ii=1
= I+ 1I1+111+1V.
It is easy to show that
1 Lo E(v}) 1 Iz, 4 1
nT2 tz 2 T nT2 t;l l; [Ult (Ult)] p(T)7
D SPIP YT I P RES S5 o S P e
= o VU 0,)=—0
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IV = —5 32 > > 22 vitvisvjstje = Op(7)
n s#Ett=1j#ii=1 T
using
1 T n 4
——= > > (v — E(vy)) = O0p (1),
nT {=1i=1
1 T n n 9 9 4
7222(%%& 0,) =0p(1),
nVT =1 j#ii=1
and
1 T T n 9 9 4
= 2 2 2 (Vigvis — 0y) = Op (1)
Nl stpt=1i=1
Hence,
1 n—1 1 T-1 1
~tr(S?*) = O L0, (—= 1.0 10
L(52) = Of)+ ol + O ) + ot 4 Ol ) + Oyl
1
= (Z+1)0t+0,(7)

as required. m



A Proof of Proposition 1

Proof. Recall §;; = /5 + v;; and

It is easy to show that

~ 1
=0, ).
Bop=o0, < nT)
Now Uy = §it — i;tB =,0+ 0y — 53;,:5 = Uy — igt(ﬁ — ). In vecto

Uy = vy — 0.. It follows that

r form 0y = U; — i’:t(,@’ — ), where

§-s = 1 sz i — - XT; ’
= T & 'Ut'Ut T & ’Ut’Ut
1L - - ~ , 1 X /
= 7 20— 2(B = B[oe — Z(B = B — = X vy
Tis Tis
= H+G,
where
H*EZT:@@'—EZT:U@' (31)
CTE Tt T
and
1. /- I~ (2 N L. /- N
_ ~, _ ~/ - ~ _ ~/ - ~ _ _ ~/
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-

op<1>.

We need to compute the first term of (33). Using the fact that
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it follows that

1 1 ., 17/7 1 n 9 1 n 2
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Collecting (33), (34) and (36), we obtain

1 ~ 1 1

B Proof of Proposition 2

We define
Ay = 0.0,
1< /-
A= 3w (B-8),
t=1
1o~ /- '
@==%=T;@@@@’
and

T
1 ~ I
Ag= 23w (B-8) (B-8) @
t=1
Thus, S—8=—Ay— A1 — Ay + Az. To prove Proposition 2, we need the following lemma.

Lemma 3 Under Assumptions 1 and 2,

(a) Ltr(SA1) = Op( ) + Op() + Opln);

(b) 5tr(SAs) = Op(ip);
(¢) wtr(A3) = Op(512);
(d) ytr(A1Az) = Op(gm);

O
(e) 2tr(A1A3) = Op(p=);



(f) wtr(A3) = Op(s72);

(9) wtr(SAo) = Op(7) + Op(Fs);
(h) str(Ag) = Op(73);

(i) wtr(AoA1) = Op(7s);

() wtr(AoAs) = Op(spm)-

The proofs are included in Baltagi et al. (2009).
Proof of Proposition 2. Using 25(5—5)+(5—5)% = 52— 85+ 85— 52 and tr(55) = tr(S9),

we have

L - sy = Lig2 - 62y — o is(6 - L _ 52
ntrS ntr(S)fntr(S S)f2ntr[S(S S)]—i—ntr(S S)°.

Using the notation above,
1, 5 1
—trS? — ~tr(S?)
n n

2 1
= Etr (S(_A[) — Ay — As + Ag)) + Etr ((—AO — A — Ay + Ag)(—AO — A — Ay + Ag))

2
= Ztr(=S4g - SA1 - S4; + SAs)
1
+HtT(A% + AgAy + AgAy — AgAs + A Ag + A2 + A1 Ay — Ay As
+AgAg + AgAy + A3 — AgAg — A3Ag — AzAy — A3Ag + A3).

We have t’l”(AoAl) = tT(Ale) = tT(AoAQ) = tT(AQAg), tT‘(AlAQ) = tT(AQAl), t’r’(AgAl) =
tr(A;A3) = tr(AsAz) = tr(AsAs), tr(A?) = tr(A3), and tr(SAz) = tr(SA;). Hence,

1 1
Z4rS? - —tr(SQ)
n n

4 2 2 2 4 1
=~ tr(SAY) + tr(SA) + Str(AD) + Str(AiAy) — ~tr(Ardy) + tr(A3)

2 1 4 2
—tr(SAo) + Htr(Ag) + —tr(AoA) — —tr(AgAs).

Given these results, the proposition follows directly from Lemma 3. m

C Proof of Proposition 3

Define Wy = %tré’ —1rS and W = %tr(sa) — 14r(5?). To derive the asymptotics of T(U -U),

we need to calculate the magnitudes of W7 and Wy, which requires the following lemma.

Lemma 4 Under Assumptions 1 and 2,

=N

n T
1 2 _ 0o 1 .
@ b £ 5=+ Ol



EErdeZ e LS - = 240, (s =)
vh =Y 4 vh —o00) = =2
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nT3 221 s;tt;vltvls T Uv+ nT3 121 S;tt;(vztvzs Uv) T2 Oy T2\/>
For (c),
1 n—1 4 1 2 2 4

This proves the lemma. m
The magnitudes and high order terms of W7 and W5 are summarized in the following lemma.

Lemma 5 Under Assumptions 1 and 2,
0.2
(a) Wi = ~% + Op(2);
(b) Wo = ~20t— 504+ 0, (72=) + 0, (%) + Oy (727) -

Proof. From the proof of Proposition 1 and Lemma 4, we obtain W; = 02 +0 (7)
By Lemma 3, the leading terms of Ws are from parts (¢) and (h) of Lemma 3,

Wgz—%tr(SAo) —tr(AO)+O( 1T)+0( )+ 0, <T\}ﬁ>



Lemma 3 in the supplementary appendix of Bai el al. (2009) shows that
1 A 2 2 AN 1 vn 1
ﬁtr(SAo) =3 2 2 2 Vilis t+ T3 > 2 > VisVjs + Op Tvn + 0, Tz + 0O, VT

and

n T T Tn T2 P\1ryT
“tr(A2) = %03+op (ﬁ)
It follows that
Wy = —tr(5?%) — =tr(S?)
1 1

= 2 tr(SAg) + ~r(4) + Op(-2) + Oplig) + Oyl )

s
- _9. [;a;*JrTQJﬁO (T\f>+0 <\TC>+O <T\1/T>}

+%av+o <\T/;)+0( T”O(lHO(T\lﬁ) (37)

- _%aﬁ—ﬁ S+ 0 <T\1F)+O <I)+O (T\1F> (38)

Having the results on %trS , %tr(SQ), W1 and Wa, we are in good position to prove Proposition

3.
Proof of Proposition 3. Plugging the results in Lemma 2 and Lemma 5 in (14), we obtain

T -(%trS)Q Lir(52) — (%trgf }Ltr(52)]

(%tré‘)Q (%trS)Q
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Consider the numerator,
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Similarly, the denominator is
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It follows directly that
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Obviously, T(Uz_U) — 57y — 0as (n,T) — oo with n/T' — c € [0,00). =
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