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Abstract

In this paper, we study the spread of influence through a
social network, in a model initially studied by Kempe,
Kleinberg and Tardos [14, 15]: We are given a graph
modeling a social network, where each node v has a
(fixed) threshold t,, such that the node will adopt a
new product if ¢, of its neighbors adopt it. Our goal is
to find a small set S of nodes such that targeting the
product to S would lead to adoption of the product by
a large number of nodes in the graph.

We show strong inapproximability results for sev-
eral variants of this problem. Our main result says that
the problem of minimizing the size of S, while ensuring
that targeting S would influence the whole network into
adopting the product, is hard to approximate within a
polylogarithmic factor. This implies similar results if
only a fixed fraction of the network is ensured to adopt
the product. Further, the hardness of approximation
result continues to hold when all nodes have major-
ity thresholds, or have constant degree and threshold
two. The latter answers a complexity question proposed
in [10, 29]. We also give some positive results for more
restricted cases, such as when the underlying graph is a
tree.

1 Introduction

It is well-documented that information spreads via so-
cial networks. The dynamic processes governing the
diffusion of information and “word-of-mouth” effects
have been studied in many fields, including Epidemiol-
ogy [7, 23, 28], Sociology [24, 25, 31, 21, 5], Economics,
and Computer Science [9, 27, 14, 13, 15, 11, 4, 6, 22, 12].
For example, a recently studied problem in the area of
viral marketing is the following: Suppose we would like
to market a new product and hope it will be adopted
by a large fraction of individuals in the network. Which
set of individuals should we “target” (for instance, one
form of “targeting” involves offering free samples of the
product)? The answer to the question depends cru-
cially on the network structure and the extent to which
“word-of-mouth” effects will take hold.
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One simple way to model diffusion with discrete
dynamics is to assume that each individual in the
network has a “threshold”: The individual becomes
influenced (i.e. adopts the new product) if a certain
pre-specified number of its neighbors have adopted the
product. A natural algorithmic problem arises: Given
knowledge of these thresholds, which individuals should
be targeted so as to create a large wave of adoptions?
Domingos and Richardson [9, 27] studied this problem
in a probabilistic setting and heuristic solutions were
given. Kempe, Kleinberg and Tardos [14, 15] modeled
the question as an optimization problem and showed
that it is NP-hard to compute the optimal subset to
target, and developed approximation algorithms in a
submodular framework. Other related literature about
diffusion with thresholds includes, e.g. [20, 24, 25, 10, 5,
22].

In many studies, e.g. [20, 24, 10, 7, 28], researchers
are interested in the long term effects of diffusion and
whether some consensus can be reached. For example,
in a virus propagation network, what nodes should
we immunize so that the whole network is protected?
Related work can be found in, e.g. [7, 23, 11]. In
applications like this, a key requirement is that all
(or a large fraction of) individuals in the network are
influenced. In the current paper, we focus on this
problem in the threshold model. In particular, we
address the question as an optimization problem: Find
a small set S of individuals such that targeting S would
lead to influence to a large fraction of individuals in the
network.

1.1 The Model We now define the problem formally.
Given a connected undirected graph G = (V, E), let
d(v) be the degree of v € V. For each v € V, there
is a threshold value t(v) € N, where 1 < t(v) < d(v).
Initially, the states of all vertices are inactive. We pick a
subset of vertices, the target set, and set their state to be
active. After that, in each discrete time step, the states
of vertices are updated according to following rule: An
inactive vertex v becomes active if at least t(v) of its
neighbors are active. The process runs until either all
vertices are active or no additional vertices can update
states from inactive to active (it is easy to verify the
process runs at most n — 1 rounds, where n = |V] is



the number of vertices in the graph). The process we
consider is progressive, i.e. a vertex can only become
active from inactive but not vice versa.

We are interested in the following optimization
problem, which we call TARGET SET SELECTION:
Which subset of vertices should we target at the be-
ginning such that all (or a fixed fraction of) vertices in
the graph are active at the end? Observe that a trivial
solution is to target all vertices in the graph. The goal
we consider in this paper is to minimize the size of the
target set.

Our model is different from Kempe et al. [14, 15] in
the following two respects: First, Kempe et al. [14, 15]
focused on the maximization problem— for any given k,
find a target set of size k to maximize the (expected)
number of active vertices at the end of process. Here,
however, we ask for a target set of minimum size that
guarantees that all (or a fixed fraction of) vertices are
eventually active. Secondly, here we consider deter-
ministic, explicitly given thresholds. Kempe et al. [14]
showed strong hardness of approximation results for the
maximization problem when the thresholds are deter-
ministic. Thus, the main focus of their papers was on
probabilistic thresholds where all thresholds are drawn
randomly from a given range.

1.2 Our Results For the general setting of the TAR-
GET SET SELECTION problem, we show a polylogarith-
mic lower bound on the approximation ratio. Specifi-
cally, the TARGET SET SELECTION problem can not be
approximated within a ratio of O(ZIOgI% ™), for any fixed
constant € > 0, unless NP C DTIM E(nP°w°9(™)) Our
proof is based on a reduction from the Minimum Rep-
resentative problem [18, 19].

Our result gives further evidence that without addi-
tional assumptions such as the probabilistic thresholds
in [14, 15], the problem is completely intractable (even
in constant degree graphs with thresholds at most two).
Indeed, in the maximization problem studied in [14, 15],
for deterministic thresholds, the problem is NP-hard to
approximate within a ratio of n* =€ [14]. In related work,
Aazami et al. [1] studied a non-threshold propagation
process called power dominating set and showed a sim-
ilar hardness of approximation result.

Our result implies the same hardness of approxima-
tion ratio if, instead of ensuring all vertices in the net-
work are active, we only need to activate a fixed fraction
of vertices. Our hardness result gives a negative answer
to the problem proposed by Roberts [28]— what vertices
need to be “vaccinated” to make sure a virus does not
spread to a fixed fraction of the whole network.

By considering different types of thresholds and
network structures, we show the following additional

results.

Majority Thresholds. One important and well stud-
ied threshold is majority, where a vertex becomes active
if at least half of its neighbors are active. It has many
applications in distributed computing, voting systems,
etc. [24]. For example, Peleg [25] proposed the use of a
majority update rule for maintaining data consistency
in a distributed system. Peleg [24] proved that it is
NP-hard to compute the optimal target set for major-
ity thresholds. For different variants of majorities and
progressive processes, different lower bounds on the size
of the target set were obtained [20, 25, 5]. For further
information about majority thresholds, see [24].

For the majority thresholds setting, we show that
the problem shares the same hardness of approxima-
tion ratio as the general setting. In particular, this
implies that the majority thresholds setting does not
admit any approximation algorithm of ratio better than
O(2°8" "™ for any fixed constant € > 0. To the best of
our knowledge, this is the first inapproximability result
for majority thresholds.

Small Thresholds. Another interesting special case
is when all thresholds are small, say constant [29].
Dreyer [10] showed that if the threshold of any vertex is
k for any k > 3, the TARGET SET SELECTION problem
is NP-hard. However, it leaves as an open problem [29]
the case of kK = 2. Note that the problem can be solved
trivially for the case of k = 1: Target an arbitrary vertex
in each connected component.

In this paper, we solve the problem by proving it
is NP-hard as well when & = 2. Indeed, we show a
much stronger and surprising result: Approximating the
TARGET SET SELECTION problem in the threshold 2
setting is as hard as approximating the problem in the
general setting, even for constant degree graphs. Our
result implies that to study upper or lower bounds on
the approximation ratio of the TARGET SET SELECTION
problem, it suffices to consider the threshold 2 setting.

Our proof is based on our hardness result for
majority thresholds and the simulation of monotone
boolean circuits. Specifically, observe that the state
of each vertex can be viewed as a boolean variable
and written as a majority boolean function of the
states of its neighbors. By the results built on sorting
network [17], e.g. the seminal work by Ajtai, Komlds
and Szemerédi [2], a majority boolean function can be
simulated by a polynomial size monotone circuit. Thus,
the influence propagation in a social network can be
viewed as running a polynomial size monotone circuit
on each vertex locally. Given this idea, we construct
gadgets composed of vertices with thresholds at most 2
to simulate each AND and OR gate in the circuit.



Unanimous Thresholds. The most influence-
resistant setting is the unanimous threshold setting, i.e.
the threshold of each node is equal to its degree. For
example, in an ideal virus-resistant network, a vertex
is infected only if all of its neighbors are infected. Un-
derstanding this particular case can help us to construct
robust virus-resistant network structures. We show that
the problem with unanimous thresholds is equivalent to
vertex cover, which implies it admits a 2-approximation
algorithm.

Tree Structure. One simple, but important, class of
social network structures is trees. For example in query
incentive networks [16, 3], the graph is modeled by a
tree structure. When the underlying social network is
a tree, Dreyer [10] gave a polynomial time algorithm
to compute the optimal target set if all thresholds are
same. We generalize the result to arbitrary thresholds,
using dynamic programming.

2 A Polylogarithmic Hardness Result

In general, the TARGET SET SELECTION problem is
hard to approximate within a near polynomial ratio.
Formally,

THEOREM 2.1. The TARGET SET SELECTION prob-
lem can mnot be approximated within the ratio of
0(21°g175 ™), for any fized constant € > 0, unless NP C
DTIM E(npollos(m),

We will prove the theorem by a reduction from the
Minimum Representative (MINREP) problem [18, 19].
We begin by describing the MINREP problem and then
show the reduction.

2.1 The MINREP Problem Given a bipartite graph
G = (A,B;E), where A and B are disjoint sets of
vertices, there are explicit partitions of A and B into
equal-sized subsets. That is, A = Ji_, A; and B =
U?:l Bj, where all sets A; have the same size |A|/«
and all sets B; have the same size |B|/8. The partition
of G induces a super-graph H as follows: There are
o + 3 super-vertices, corresponding to each A; and B;
respectively, and there is a super-edge between A; and
Bj if there exist some a € A; and b € Bj; that are
adjacent in G. Figure 1 gives an example of the MINREP
problem, where each set A; has 3 vertices and B; has 4
vertices.

We say a pair (a,b) covers a super-edge (4;, B;) if
a € A; and b € Bj are adjacent in G. For example,
in Figure 1, (u,v) covers super-edge (A1, B;). We say
S C A, U B;j covers a super-edge (A;, B;) if there exist
a,b € S such that (a,b) covers (A;, B;).

The goal of the MINREP problem is to select the

Figure 1: An instance of the MINREP problem.

minimum number of representatives from each set A;
and B; such that all super-edges are covered. That is,
we wish to find subsets A’ C A and B’ C B with the
minimum total size |A’|+|B’| such that, for every super-
edge (A;, Bj), there exist representatives a € A'NA; and
b € B’ N B; that are adjacent in G.

The MINREP problem is closely related to the label
cover problem that models two-prover one-round proof
systems, and the following result follows directly from
the parallel repetition theorem [26].

THEOREM 2.2. For any fized ¢ > 0, the MINREP

pmbleqn can not be approximated within the ratio of
O(2'°8 ™), unless NP C DTIM E(nPowlos(n)),

2.2 Proof of Theorem 2.1 For any given MINREP
instance G = (A, B; E), let M be the number of super-
edges and N be the total input size. In the reduction,
we will use a number of the following basic gadgets I'y,
where t(v;) =1, fori=1,...,¢

denoted by

V1 VY — >

Iy

Figure 2: The basic gadget I'y.

We next describe the construction of graph G’ for
the TARGET SET SELECTION problem. Basically, G’
consists of four different groups of vertices Vy, Vo, V3, Vy,
where the vertices between two groups are connected by
the basic gadgets described above. Formally,



threshold = M - N2

Figure 3: The structure of graph G’.

e Vi={a|a€A}U{b|be B} and each vertex has
threshold N2.

o Vo = {ugp | (a,b) € E} and each vertex has
threshold 2N°. Vertex Uqp € Vo is connected to
each of a,b € V7 by a basic gadget I'ys.

o V3 = {v;; | Ai, B; is connected by a super-edge}
and each vertex has threshold N*. Vertex Uqp € Vo
is connected to v; ; € V3 by a basic gadget I'y4 if
a € A; and b € B;.

o Vi = {w,...,wn} and each vertex has threshold
M - N2. Each vertex v;; € V3 is connected to each
wg € Vy by a basic gadget I'y2, and each vertex
a,b € Vi is connected to each wy € V4 by a basic
gadget I'y.

Figure 3 displays the structure of the construction.

We claim that the size of the optimal MINREP
solution of G is within a factor of two of the size of
the optimal TARGET SET SELECTION solution of G’.
Thus, any approximation algorithm for TARGET SET
SELECTION essentially gives the same approximation
ratio (up to at most a constant factor) for MINREP.

Assume A’ C A and B’ C B is an optimal MINREP
solution of G. We claim that A’UB’ C V; is a TARGET
SET SELECTION solution of G’. Since A’ U B’ is a

MINREP solution, for any super-edge (A;, B;), there
exist a € A’ N A; and b € B’ N B; such that (a,b) € E.
Thus, vertex uqp € Vo can be active, which implies
that v; ; € V3 can be active as well. This is true for all
super-edges, and thus all vertices in V3 are active, which
implies that all vertices in Vj are active. Therefore, all
vertices in V7 can be active, which induces all vertices
in G’ to be active at the end.

On the other hand, let S be an optimal TARGET
SET SELECTION solution of G’. First of all, it is safe to
assume that no middle vertices vy, ..., v, from any basic
gadget I'y are in S. Secondly, we can assume without
loss of generality that no vertices in V3 are in S. This
is because if a vertex v; ; € SN V3, then we can remove
v;; from S and include uqp € V2 to S, where a € A;
and b € Bj, which gives a solution of the same size.
Finally, if a vertex u,, € S N Va2, we can remove uqp
from S and include a,b € V5 to S. By doing this, the
size of S is increased by at most a factor of two. Now .S
only contains vertices from V; and Vg, i.e. S C V3 UVj.
According to our construction, those vertices in .S N Vy
can not affect any other vertices until all vertices in Vy
are active. Therefore, the only direction for influence to
flow in G’ is through the channel V; — V5 — V3 — V.
However, to activate any vertex w € V; \ S, all vertices
in V3 have to be activated. This implies that S N V; is
a MINREP solution of G.



By Theorem 2.2, we have the same hardness of
approximation result for the TARGET SET SELECTION
problem, which completes the proof of Theorem 2.1.

2.3 Extensions We observe that Theorem 2.1 con-
tinues to hold for a few extensions:

e The optimal solution influences each vertex in a
constant number of rounds. This follows directly
from the above construction, i.e. Figure 3.

e Instead of ensuring all vertices in the network are
active, only a fixed fraction of vertices is needed to
be activated. This can be done by the following
simple reduction: For the given graph G = (V, E),
let n = |V|. We construct a new graph G’ as
follows: Replace each edge in E by a basic gadget
I',, and define the new threshold of each v € V to
be t'(v) = n-t(v). It is easy to see that G and
G’ have the same optimal solution. On graph G’,
by adding many dummy vertices (with thresholds
being equal to their degrees) and connecting to all
original vertices in V, it can be seen that to activate
a fixed fraction of vertices, all vertices in V' have to
be activated.

3 Majority Thresholds

In this section, we consider majority thresholds, i.e. a
vertex becomes active if at least half of its neighbors are

active. Formally, for each v € V, t(v) = {@—‘ A

THEOREM 3.1. Assume the TARGET SET SELECTION
problem with arbitrary thresholds can not be approz-
imated within the ratio of f(n), for some polynomial
time computable function f(n). Then the problem with
magjority thresholds can not be approrimated within the

ratio of O(f(n)).

Proof. For any graph G = (V, E) with arbitrary thresh-
olds, we will construct another graph G’ with majority
thresholds such that the size of the optimal TARGET
SET SELECTION solution of G’ and G differs by at most

1. The basic idea is, for each v € V with t(v) # {@—‘7

to add some dummy vertices incident to v (and change
the threshold of v, if necessary) such that the threshold
of v in the new setting is majority.

To be specific, for any v € V with threshold t(v)
and degree d(v), there are the following two cases:

Tn our discussions, we assume that ties are broken in favor
of “prefer-to-change”. All our results continue to hold for other

ties-breaking rules.

Case 1. t(v) > [@-‘ For this case, we add 2t(v) —

d(v) isolated dummy vertices incident to v and with
threshold 1 each.

Case 2. t(v) < {d(;)—‘. For this case, we add d(v) —

2t(v) isolated dummy vertices incident to v and
with threshold 1 each. Furthermore, let the new
threshold of v be d(v) — t(v).

In addition, we add a “super” vertex u and connect
u to all dummy vertices added in the above Case 2. Let
the threshold of u be its majority. Denote the resulting
graph by G’. Note that the thresholds of all vertices in
G’ are majority.

We claim that the size difference between the op-
timal TARGET SET SELECTION solution of G’ and G
is at most 1. For any given solution S of G, it can be
seen that SU{u} is a TARGET SET SELECTION solution
of G’. On the other hand, consider any optimal solu-
tion S’ of G’. Assume without loss of generality that no
dummy vertices added in Case 1 and Case 2 are in S'.
If w € S, then S’ \ {u} is a solution of G. Otherwise,
S’ itself is a solution of G.

Therefore, the size of the optimal solution of G’ and
G differs by at most 1. Thus, essentially they share the
same hardness of approximation ratio. |

Given the hardness result of Theorem 2.1 and the
above result, the following conclusion follows immedi-
ately.

COROLLARY 3.1. The TARGET SET SELECTION prob-
lem with majority thresholds can not be approrimated
within the ratio of 0(2104‘5176”), for any fized constant
€ >0, unless NP C DTIM E(npelvlos(n)),

4 Small Thresholds

When the thresholds are small, say all equal to one,
ie. t(v) = 1 for any v € V, the problem can be
solved trivially: For each connected component of the
graph, we target a vertex arbitrarily. Surprisingly, the
problem becomes hard to approximate within a ratio
of O(2'°8" ") when t(v) = 2 (or t(v) < 2), even for
constant degree graphs. In particular, we will show the
following result.

THEOREM 4.1. Assume the TARGET SET SELECTION
problem with arbitrary thresholds can mnot be approz-
imated within the ratio of f(n), for some polynomial
time computable function f(n). Then the problem can
not be approzimated within the ratio of O(f(n)) when
all thresholds are at most 2.

We have the following corollary, which answers a
complexity question proposed in [10, 29].



COROLLARY 4.1. Given any graph where t(v) = 2 (or
t(v) < 2) for any vertez v, the TARGET SET SELECTION
problem can not be approximated within the ratio of
O(210g176 ™), for any fized constant € > 0, unless NP C
DTIM E(npolwlos(m)),

Proof. The case where t(v) < 2 follows directed from
Theorem 2.1 and Theorem 4.1. It remains to consider
the case where t(v) = 2 for any vertex v.

We will prove the ¢(v) = 2 case by a reduction from
the t(v) < 2 case. Given a graph G = (V, E) where
t(v) < 2 for any v € V, we add a “super” vertex u and
connect u to each v € V with t(v) = 1. Let the resulting
graph be G’ and all thresholds in G’ be 2. We claim
that the size difference between the optimal solution of
G’ and G is at most 1. Then the claim follows from the
hardness of the t(v) < 2 case.

For any TARGET SET SELECTION solution S of G,
it is easy to see SU{u} is a solution of G’. On the other
hand, assume S’ is an optimal solution of G'. If u € S’,
then S\ {u} is a solution of G. If u ¢ S’, then S’ itself
is a solution of G. This completes the proof. |

Next we will prove Theorem 4.1. Our reduction is
built on (1) the hardness result of majority thresholds
given by Theorem 3.1, (2) the boolean circuits of
computing majority functions and (3) the gadgets of
simulating majority boolean circuit. @We begin by
describing how to do the simulation and then show the
reduction.

4.1 Simulating Majority Boolean Circuit A
boolean function f : {0,1}" — {0,1} is called a ma-
jority function if

1 ifm e dm, > (2]
flae, . wn) = { 0 otherwise

We will use the following result by Ajtai, Komlés and
Szemerédi [2].

THEOREM 4.2. ([2]) There exist polynomial size mono-
tone circuits to compute majority boolean functions,
where monotone means only AND and OR gates are
in the circuit.

The basic idea is to construct small gadgets com-
posed of vertices of thresholds at most 2 to simulate
AND and OR gates in a circuit. For a circuit that com-
putes a majority function f(z1,...,x,), let us denote
the gates in the circuit by u;. Denote the final output
gate by ug and input gates by wuq,...,u, (correspond-
ing to x1,...,x,, respectively). Thus each u;, ¢ > n, is
the output of an AND or an OR gate with other u;’s
as inputs. The graph we construct has a vertex w; with

threshold 2 for each u; and a gadget for each AND and
OR gate in the circuit. We consider AND and OR gates
respectively as follows.

For any AND gate, we construct the following
gadget, where the value on each vertex is its threshold.

Figure 4: Gadget for AND gate.

It can be seen that for the “bottom-to-top” channel
(i.e. wj,wp — w;), w; is active (corresponding to the
output u; being 1) only if both w; and wy are active
(corresponding to the inputs w; and u; being 1). In
addition, if only one of w; and wy is active (say w;),
the center vertex of threshold 2 ensures that neither w;
nor wy can get active due to influence from w;. On
the other hand, considering the channel from “top-to-
bottom”, once w; is active, both w; and wy become
active as well.

For any OR gate with output u;, we construct the
following gadget, where once again the value on each
vertex is its threshold. Recall that wg is the vertex
corresponding to the final output ug of the circuit.

wj W

Figure 5: Gadget for OR gate.

As in AND case, for the “bottom-to-top” channel (i.e.
wj, Wy — w;), w; is active (corresponding to the output
u; being 1) if at least one of w; and wy is active
(corresponding to at least one of the inputs u; and ug
being 1). In addition, if only one of w; and wy, is active
(say wj), even though w; can be activated, neither wq
nor wy, can get active due to influence from w;, w;. On
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Figure 6: Gadget for edge (u,v).

the other hand, for the channel from “top-to-bottom”,
when w; is active, w; and wy can be active once wy is
active as well.

Denote the resulting graph by G,,. From the argu-
ment above, we know G,, has the following properties:

o If wy is active, then all vertices in G,, can become
active. This implies that if there is a vertex
targeted in G,, we can assume without loss of
generality that the vertex is wg. We call wq the
output verter of G,, and denote it by r(Gy).

o If at least half of vertices in {wq, ..., w,} are active,
then wy can be active. This holds because the
circuit correctly computes the majority function
and our simulation of each gate. In the following
discussions, we denote ws,...,w, by the input
vertices of G,,.

e If a vertex w; is inactive, then all its neighbors are
still inactive. This is important in that the prop-
agation in G, can only be through the channel of
“top-to-bottom” or “bottom-to-top”. In particu-
lar, this implies that if less than half of the input
vertices are active, then the remaining inactive in-
put vertices can not be activated due to influence
from G,,.

4.2 Proof of Theorem 4.1 We are now ready to
prove Theorem 4.1. Given a graph G = (V, E), where
each v € V has majority threshold, we will construct a
graph G' = (V' E'), where t(v) < 2 for any v € V', such
that the size of the optimal TARGET SET SELECTION
solution of G is equal to that of G’. The claim then
follows from Theorem 3.1.

For each v € V, let d(v) be the degree of v in G.
We use a copy GV of graph Gg(,) to replace v and all
its incident edges, where G, is the graph constructed
above to simulate majority function f(-) with d(v) input
variables. Each input vertex in GY corresponds to an
edge incident to v in E. For any edge (u,v) € E, let
w; and w; be the two input vertices in G* and GV

corresponding to (u,v), respectively. We connect w;
and w; by a basic gadget I'z (i.e. as Figure 6 shows, we
add two vertices a; and ag with threshold 1 each and
connect (a1, w;), (a1, w}), (az,w;), (az,w})). Denote the
resulting graph by G’.

For any TARGET SET SELECTION solution S of G,
let S" = {r(G¥) | ve S}, ie. S’ contains the output
vertex of each GV for v € S. For any v € S, we consider
how its neighbor u could be influenced by v. In graph
G, we know u can be influenced from v directly by one
unit. In graph G’, according to the properties of G
established in the last subsection, we know all vertices
in GV are active. Thus, as v and v are connected by
an edge, one of the input vertices of G* becomes active.
Since the threshold of w in G is majority, u becomes
active when at least half of its neighbors are active,
which is equivalent to at least half of the input vertices
of G* being active (and thus, all vertices in G" are
active). Hence, the influence propagation in G’ follows
exactly the same pattern as that in G, and hence S’ is
a TARGET SET SELECTION solution of G'.

On the other hand, let S’ be an optimal TARGET
SET SELECTION solution of G’. According to the
properties of simulation graph discussed above, we can
assume without loss of generality that only output
vertices are in S’. Define S = {v eV | r(G") € §'}.
By a similar argument as above, it follows that S is a
TARGET SET SELECTION solution of G.

Therefore, the size of the optimal TARGET SET
SELECTION solution of G is equal to that of G’, which
completes the proof of Theorem 4.1.

4.3 Constant Degree Graphs In this subsection,
we will show that Theorem 4.1, as well as Corollary 4.1,
continues to hold for constant degree graphs.

By the construction of AKS sorting network [2] and
the reduction of proving Theorem 4.1, the only vertex
that has non-constant degree in each GV gadget is its
output vertex r(GV). This is because for each OR
gadget, we add four edges incident to r(G?), as Figure 5
shows (i.e. wq). To fix this, we make a few “identical”



copies of r(G") such that each copy has constant degree.
More precisely, we replace r(G?) and all its incident
edges with the gadget showed in the following figure:

1 1 1
2 2 2 2 2
1 T2 r3 Tk—1 Tk
1 1 1
Figure 7: Gadget for the output vertex.

where each r;, i = 1,...,k, is an “identical” copy of
r(G¥) and k — 1 is the number of OR gates in G¥. In
particular, r; corresponds to the original #(G?) and each
ri, © = 2,...,k, corresponds to an OR gate and is used
to add the four edges as Figure 5 shows. If one of r;’s
becomes active, all others are active as well and thus
the resulting constant degree graph is equivalent to the
original graph.

For Corollary 4.1, note that in the proof of Corol-
lary 4.1, we add a “super” vertex u and connect u to
all vertices with threshold one. In general, the degree of
u can be arbitrary. Instead of adding one such “super”
vertex, we add the following gadget:

V] V9 V3 V1 Vg

Figure 8: Gadget for the “super” vertex.

where each v; connects to a vertex in the original graph
with threshold one (assume there are k such vertices
totally). The thresholds all vertices in the resulting
graph are 2. It can be seen that the size of the optimal
solution of the original and resulting graph differs by
at most 2. Hence, Corollary 4.1 still holds for constant
degree graphs.

5 Unanimous Thresholds

The most influence-resistant setting is the unanimous
thresholds setting. That is, the threshold of each vertex
is equal to its degree, i.e. t(v) = d(v) for each v € V.
For this case, we have the following hardness result.

THEOREM 5.1. If all thresholds in a graph are unan-
imous, it 18 NP-hard to compute the optimal TARGET
SET SELECTION solution.

Proof. We reduce from vertex cover: Given a graph
G = (V,E), we want to find a subset V' C V such
that for each (u,v) € E, V' N {u,v} # 0 and |V'| is

as small as possible. We consider the same graph for
the TARGET SET SELECTION problem, and claim that
G has a vertex cover of size at most k if and only if
TARGET SET SELECTION has a solution of size at most
k.

For any vertex cover solution V' of G, let the target
set of G be V’. Then for each v ¢ V', all edges incident
to v are covered by the corresponding vertices in V',
which implies v can be active. Thus, by targeting V",
all vertices are active at the end.

On the other hand, for any TARGET SET SELEC-
TION solution V', we argue that V' is a vertex cover as
well. For any edge (u,v), if neither u nor v is in V’,
both u and v can not be activated, since their threshold
is equal to their degree, which is a contradiction. |

Indeed, as can be seen from the above proof,
the TARGET SET SELECTION problem with unanimous
thresholds is equivalent to vertex cover. Thus, it admits
a 2-approximation algorithm [30], and is NP-hard to
approximate better than 1.36 [8].

6 Tree Structure

When the underlying graph G = (V, E) is a tree, the
TARGET SET SELECTION problem can be solved in
polynomial time. The basic observation is that for any
leaf v € V, t(v) is equal to 1. Thus, at most one of v
and its parent u will be targeted in the optimal solution.
Hence, we can assume without loss of generality that v
is not targeted, otherwise, we can target u instead of v
and get a solution of the same size. The algorithm is as
follows.

ALG-TREE
1. Let t'(v) =t(v), for veV
2. Let z(v) =0, for each leaf veEV
3. While there is z(v) not defined yet
4. for any vertex u where all z(-)’s of its
children have been defined
5. let w be u’s parent
6. if t'(u) >2
7. let z(u) =1
8. let t'(w) « t'(w) — 1
9. else
10. let z(u) =0
11. if ¢'(u) <0
12. let t'(w) « t'(w) —1
13. Output the target set {veV | z(v) =1}

We have the following result.

THEOREM 6.1. ALG-TREE computes an optimal solu-
tion for the TARGET SET SELECTION problem when the
underlying graph G = (V, E) is a tree.
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