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Thermodynamics modeling for moving contact line in gas /liquid /solid
system: Capillary rise problem revisited
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The nonequilibrium thermodynamics framework is tailored in the present paper to formulate the
gas/liquid/solid system. In this system, there are two important issues, namely, the contact line
motion and contact angle change, and shear stress singularity, during the dynamic evolution.
Traditionally, the fluid mechanics approach has been applied to model these two issues. In the
present paper, we applied a thermodynamics formulation to re-examine the first issue, i.e., the
dynamic motion of the contact line and angle, and which provides a new angle to understand the
fundamentals of this classical problem. In order to verify the reliability of the present
thermodynamics formulation, the capillary rise problem is revisited by using the formulation. A
numerical result obtained based on the thermodynamics formulation is then compared with an
experimental test data. Excellent agreement between our analytical and experimental results gives us
confidence for the future works on this approach. 26801 American Institute of Physics.
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I. INTRODUCTION The majority of the contributions up to date was made
by fluid mechanics researchers. We found that Shikhmurza-
The gasl/liquid/solid system is encountered in many well-ev’s papet on this topic not only proposed a fresh model for
known configurations, for example, a liquid droplet spread-deriving the contact line motion and contact angle change,
ing on a smooth solid surface, liquid column rises in a capbut also made a thorough reviel@ver 80 references were
illary tube, and liquid trapped in a solid corner, to name alisted in his papéron the related models. Interested readers
few. All these configurations have a common nature, that isare suggested to read Sec. IX of his paper for the detailed
the surface tension dominates the evolution process as ttand in depth review. Hereby, we only briefly go through the
size of the liquid domain is small. Needless to say, the themain points included in all the fluid mechanics based mod-
oretical value of understanding the system is of importanceels, as Shikhmurzaev reviewed. From there we introduce a
On top of that, there are numerous applications in moderiotally different approach to exam the gas/liquid/sold system
industries directly depending on the research outcomes ofia the nonequilibrium thermodynamics formation.
this problem. Therefore, it is not surprised that the problem  The main effort made from the fluid mechanics point of
has attracted tremendous interest from the theoretical redew is to understand two unfamiliar phenomena to the clas-
searchers as well as practical engineers. A thorough and dsical fluid mechanics. The first is that the relationship be-
tailed review on this topic could be difficult since it has beentween the moving velocity of the contact line and the chang-
an active research area in the past three decades. What @ of contact angle is not described by the conventional
tried in this Introduction is to briefly review the most recent fluid mechanics governing equations. A model was needed,
and important contributions to this topic, which gives us theOr alternatively, an empirical relation between the velocity of
confidence that the following thermodynamics model is fresifhe contact line and the instant contact angle was posted to
and a new approach of analyzing the problem. proceed the fluid mechanics calculation for the whole field.
Let us first unify our terminology in the following dis- ©One of these empirical relations is
cussion for the gas/liquid/solid system illustrated by Fig. V=k(f— 65" (1.1)
1(a). For example, a liquid droplet spreading on a solid sur- e '
face [Fig. 1(c)] is one of the gas/liquid/solid systems. The where 6, is the equilibrium contact anglé; and m are em-
contact line is the conjunction line of gas/liquid/solid com- pirically determined constants for the configurations under
monly shared, which is sometimes called the triple point lineconsideratior(see, e.g., Refs. 233However, it was noticed
(TPL). The contact angle is the angle between the solidthatk andm, determined from one geometric configuration,
liquid interface and liquid/gas interface. At the equilibrium might not be suitable for the other configurations. Therefore,
state(or static statg the gas/liquid interface is described by it may be argued that the expression of Ef.1) and its
the Laplace equation and the static contact angle is obtainesjuivalents are not constitutive relations, rather an experi-
via the Young’s equation. What we are interested as well amental relation.
all the researchers in the past two decades are the dynamic The second important issue discussed by the fluid me-
evolution of the contact line and the contact angle. chanics models was the singular shear stress near the corner
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dynamics foundation and can replace all the empirical laws,
such as Eq(l.1). As to the second issue of the modeling via

e ) the fluid mechanics approach, namely the singularity issue,
#1: Liquid #3: Gas we have to adopt the existing results obtained in the past two

. /6 $un decades. The inclusion of the interfaces and TPL in the ther-

modynamics formulation does not resolve the shear stress
Contact angle | #2: S singularity inside the liquid phase where the fluid mechanics
prevails. Apparently, the interface and TPL evolution and
@ fluid field variables are coupled in the same problem under
this unified energy formulation. Uncoupling the fluid field
solution and interface evolution process requires certain sim-
plifications with reasonable and practical arguments.

It is noticed that quite a few engineering applications
concern the contact line motion and contact angle change
only. The details of the fluid in the immediate vicinity of the
contact line is not of interest to the engineers. For example,
when people study the molten solder spreading on the micro-
scopic scale in the modern electronic packaging process,
only the contact line and contact angle evolution was
concerned. On the other hand, from the analytical point of
view, the fluid field variables can be simplified when the
energies associated with these terms are orders of magnitude
smaller than those contributed from interface energies. Under
this circumstance, we can simplify the field solutions inside
of the liquid so that only the interface and triple point line
(TPL) are included in our free energy. The effect of the
liquid is then taken into account via the Laplace pressure
across the liquid/gas interface, as shown in our calculations
in the following sections for the capillary rise problem. We
employed this scheme, with a simplified fluid field solution,
to analyze the solder droplet spreading on a solid surface,
the numerical simulation was fairly consistent with experi-
mental observation qualitatively. Hereby, in the present
study, we would like to have a quantitative comparison be-

© tween our thermodynamic model prediction and the experi-
mental data. The configuration used in the present study is
FIG. 1. (a) Contact line and interfaces in a gas/liquid/solid systémThe the Capi”ary rise of a ||qu|d in a small diameter tube. In order
interfaceS,; _; or the contact line undergoes a virtual motian, or ori’. 4 jliystrate our thermodynamics formulation without involv-
(c) A liquid droplet spreading on a solid. . . . .
ing too much fluid mechanics content related to the singular-
ity issue, we used a simplified fluid field inside the liquid. It
is proved by using the second set of experimental data that
of the contact line. This singularity is not acceptable from thethis simplification leads to an acceptable deviation from the
physics point of view. Various models and assumptions werexact formulationSec. V).
proposed to eliminate this singularity. The basic approach of  Let us outline our presentation in following sections be-
making the models for eliminating the singularity is to con-fore we go into the details. First of all, we apply the non-
struct boundary layers so that the asymptotic field near thequilibrium thermodynamics framework to a gas/liquid/solid
contact line is regulafsee, e.g., Refs. 1, 2, 4).5A matching  system which includes all the interfaces and triple-point-line.
technique is needed for the inner and outer region solutionshe fluid field is excluded from our system, yet it contributes

In the following sections, we introduce a nonequilibrium to the solution of the problem via the Laplace pressure on the
thermodynamics framework with which the evolution pro- gas/liquid interface. Since there is no standard numerical
cess is proceeded in the direction of lowering the total freescheme for the proposed nonequilibrium thermodynamics
energy of the whole system. Speaking of the system, wéamework, in Sec. IV we present a Galerkin scheme for the
extend the system to include the fluid, all interfaces, and theumerical simulation under the thermodynamics framework.
triple point line (TPL). The free energy should include the In Sec. V we interpret all the general formulations specifi-
conventional energies in the fluid mechanics, and also all theally to the capillary rise configuration. The fluid field is
surface energies on the all the interfa¢gas/liquid, liquid/  obtained under certain simplifications for this specific prob-
solid, and gas/solid It will be seen that the thermodynamics lem. The numerical results via the Galerkin scheme for the
formulation provides a set of constitutive equations for thecapillary rise problem, namely, the triple-point-line motion
gas/liquid interface and contact line. It has a sound thermoand gas/liquid interface change during the evolution, are pre-

(b)

#2: Solid
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sented in this section. In Sec. VI we present the experimentahterfaces changes, more ingredients are needed.

test setup and results of the capillary rise for two differentFigure 1b) illustrates the motion of the interfac®,_; be-
geometric dimensions. The purpose of taking two geometritween the liquid and the gas, and the motion of triple point
dimensions is to prove that the two material constants, moline (TPL) at the junction of the liquid, the solid and the gas.
bility of gas/liquid interface and contact line, introduced in A virtual motion of the interfaces;_; is a small movement
the thermodynamics formulation are truly the material de-in the direction normal to the interface that may not obey any
pendent constants rather geometric dependent. The first tdghetic law. The magnitude of the virtual motiodr,, can

on the diameter of 0.73 mm tube is used to determine the twdiffer from point to point over the interface. Similarly, a
mobility constants, while the second test on the diametevirtual motion of the TPL is a small movement in the direc-
1.05 mm tube is then used as verification. In the last sectiortjon normal to the TPL in the solid surface that also need not
we make some comments on the present theory and existimmpey any kinetic law. Again, the magnitude of the virtual
models for the contact line and contact angle based upon ownotion of the TPL denoted bzﬁrff) can differ from point to
numerical and experimental results presented in the first feyoint along the TPL.

sections. Since the surface tension is assumed to be isotropic in
the present study, the gas/liquid interface at a given time is

Il. NONEQUILIBRIUM THERMODYNAMICS usually a smooth surface. The area of a surface element is

FORMULATION denoted by 4, the length of a line element byl dind the

unit vector normal to the surface by, directing to the air

. .The present mgdeling for contact line moving in a 96}5/phase. Of our particular interest is the sum of the two prin-
liquid/solid system is based on the framework of nonequilib-cipal curvatures,

rium thermodynamic&?® Consider a gas/liquid/solid system,

illustrated in Fig. 1a). A liquid is in contact with a smooth - i+ i 2.3
and horizontal solid surface with gas/liquid, liquid/solid and Ri Ry’ '
gas/solid interfaces that conjoin at a contact line. Figuog 1
shows a droplet spreading on a smooth solid surface as
example of the gas/liquid/solid system. The solid is assume
not to dissolve or otherwise react with the liquid. The inter-
faces change and the contact line motion are considered here B f J

: : : SA_3= K dA.
in terms of thermodynamics formulation. Our thermodynam- S,_3

ics system includes all the interfaces and the contact Iineh ) | q he interf Similar]
only. The volume phases of the gas and liquid as well ad nese integrals extend over the inter &g 5. Similarly,

: . . ; ) i ; ; ; (t)
solid are considered by their actions to the interfaces an@SSociated with the virtual motion of the TPdr,, the area
contact line. of the interfaceS, _; varies by

whereR; andR, are the principal radii of curvature, taken to
positive for a convex surface. Associated with the virtual
otion, &r,, the area of the interfac®, _; varies by

(2.9

Nonequilibrium thermodynamics requires that the sys-
tem changing is the process of the evolution of the system 6A1_3= ﬁ oy cosodA, (2.9
reducing its Gibbs free energy towards its minimum value. !
For the system under our consideration, the evolution of th@nd the areas of the interfa8g_, andS,_; vary by
interfacesS;_; and the motion of contact line are driven by
the change of the Gibbs free energy of the considered sys- 6A;_,= #) 6r§]”dl, (2.6)
tem, denoted byG hereafter. It comes from the sum of the Lt
interface energies among different phases, denotddiland  and 6A,_;=— 6A;_,, respectively. In Eq(2.5) ¢ is the in-
the negative work supplyV to the system by the external stant contact angle at any point on the TPL and the integral

actions of the system. That is, extends along the TPL, denoted by.
G=U-W, (2.1) During the evolution process of the TPL and the _inter-
. faces, it is noted that the virtual motions 8f_5 at any point
with on the TPL at any time must be satisfied with the following
U=171_2A1_ ot 71381 _at Yo sAs_a, (2.2)  compatibility condition[Ref. Fig. Xb)]:
wherey;_; is the specific surface tension aAg ; is the area sry=0orVsing, on L. 2.7

of the interfaces;_; between phaseand phasg, with phases
1, 2 and 3 denoting the liquid, the solid and the gas surroundB. Driving forces and kinetic laws
ing the liquid, respectively, as shown in Fig@al and Fig.

Associated with the virtual motions, the free energy of
1(c) as an example.

the system varies b§G. Define the thermodynamic force on
the liquid/gas interfacef, that drives the interface motion
and the force on the TPIf,, that drives the TPL motion, as

The free energy by itself is not sufficient to determinethe free energy decreases with respect to the virtual motions,
the evolution of the gas/liquid/solid system, because count-

less ways of evolving processes would reduce the free en- 35 ft5r(nt)d| +J' J for,dA=—5G. (2.9
ergy. To describe the process of the contact line motion and Lt Si-3

A. Motion of gas /liquid interface and triple point line
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Since the virtual motiorsr,, is an arbitrary function of the Moreover, when the interfac®, _; moves by virtual motion
position on the interfac&,_; and thesr(! is also an arbi-  6r, and the TPL,L;, moves bysr(", the area changes
trary function of the position on the liné,, Eqg. (2.8 oA_j of interfacesS;_; are given by Eqs(2.4—(2.6). At the
uniquely defines the quantifyat every point on the interface same time, the external work changes bywW
S;_3 and thef, at every point on the TPLL;. The above- =ffsl_3Apb‘rndA, where Ap is the pressure difference
defined thermodynamic forcehas a unit of stres¢force/  across the surfac®,_s, the so-called Laplace pressure. Con-
areg andf has a unit of surface tensidforce/length, they  sequently, associated with the virtual motions of the TPL and

are called driving forces of the dynamic system. the interface, the free energy changes by
Let v, and vV be the actual velocity of the interface

S;_sz and the TPLL,, respectively. Under the framework of 5G = 3[; y1_,0r Ol — f# y5_30rdl

a thermodynamic system, the actual velocities are taken to be Lt L

functions of the driving forces. Specifically, the velocity is

assumed to be linearly proportional to the driving force, i.e., + % y1_30r Y cosadl +f f Y13k Or ydA
L 1-3
yO=M,f,, (2.93 ‘
v,=MT. (2.9b —f fs Apér,dA. (3.2
1-3

Here M, andM are called the mobilities of the TPL and the
interfaceS; _s, respectively. These two quantities are used a
phenomenological parameters in the present analysis, to
determined by comparing theoretical predictions with experi- ;= y,_3— y;_,— ¥1_3C0s86, (3.3a
mental measurements. Since thermodynamics requires that
the liquid surface move in the direction that reduces the free f=Ap—«y1_s. (3.3b
energy of the system, both ™ andM are positive. Equa- Equation(3.33 expresses the driving force on the TPL in
tions (2.99 and(2.9b are so-called the kinetic laws for the terms of the instant contact angle and surface tension,
TPL and the interface. ¥i_j - It has a clear physical meaning tiais the sum of the
It should be mentioned that the kinetic lawg,99 and  surface tensions projected along the unit vector normal to the
(2.9b are linear and local relations. In other words, the ve-TPL in the surface of the solid. Equati¢.3b expresses the
locity at a point only linearly depends on the forces at thisdriving force on the interface in terms of the instant curva-
point. The kinetic laws may be extended to nonlinear andure «, and the external actiol\p, as well as the surface
nonlocal relations, where more constitutive parameters argnsion,y; _s.
needed to describe the system. In any case, the validity of the ~ A combination of Eqs(2.9) and(3.3) leads to
constitutive relations depends on the agreement between the
theoretical prediction based on the assumed constitutive Vn — Mi(v2-3~ y1-2— ¥1-3C0S6), (3.4a
equations and the co.rresponding experime.ntall observation. vo=M(ApP—Ky1_s). (3.4b
In the present analysis, we assumed the kinetic laws to be
Egs.(2.9a and (2.9b and bothM, andM are uniform and These partial differential equations govern the motions of the
isotropic material parameters as the first attempt. Fortul PL and the liquid/gas interface during the system evolution
nately, the excellent agreement between our theoretical prérocess. The motion of contact line and the change of the
diction and experimental results shows that E@s9a and  interfaces depend on the solution of the set of motion equa-
(2.9b is valid for the capillary flow in a thin tube. There tions(3.4) under the compatibility conditio(2.7) and certain
should be no conceptual difficulties to extend the preseniitial-value and boundary conditions.
framework to nonlinear and nonlocal theories. At the end of the evolution process, the system reaches an
The free energy, motion descriptions, driving forces andequilibrium state. At that time, the free energy of the system
kinetic laws discussed above define the dynamics of the sygchieves the minimum value, the liquid/gas interface shape
tem evolution. In our later numerical scheme, the variation oftnd contact line position maintain unchanged, the contact
the free energy of the System determines the driving forces ﬁngle arrives at its static value and the driVing forces vanish.
a given time; then the kinetic laws update the gas/liquid surSettingf;=0 andf=0 in Eq.(3.3) results in the equilibrium
face shape and the contact line position for a small time steggonditions for the TPL and the interface as
The process rgpeats f(_)r many time steps to evolve t_he mte_r- Ya-3— V19— V1-3C080,=0, (3.59
face shape to its equilibrium shape and the TPL to its equi-
librium position. Ap—key1-3=0, (3.5b

A comparison of Eq92.8) and(3.2) gives the expressions of
Ee driving forces:

where 6, and k. are the contact angle and the curvature in
IIl. MOTION EQUATIONS AND EQUILIBRIUM the equilibrium state, respectively. Equatiof3.58 and
CONDITIONS (3.5b are the well-known Laplace—Young equations. They
are frequently used to calculate the balance height of the
meniscus above the flat liquid surface in the container in the
capillary rise method to measure liquid—vapor interface en-
OG=y1_20A1_ot y1_36A1_3t+ v2_36A,_3— SW. (3.1)  ergy(see e.g., Ref. 10

From Egs.(2.1) and(2.2), the free energy change of the
gas/liquid/solid system can be expressed by
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IV. WEAK STATEMENT AND GENERALIZED z
COORDINATES

It is quite formidable to solve the set of the equation P #2: Solid
(3.4) in addition to certain specific conditions because of #3:1Air
their nonlinear features. Therefore, a nonlinear dynamic sys- RO AL
tem in the present case is formulated by a weak statement, 4
which makes a standard numerical calculation possible.

Replacing the driving forced, andf, in Eg. (2.8) with #1: Liquid Si3
the velocities,»{” and »,, of the TPL and the interface by =
using the kinetic law$2.9), gives y

j@ it)ér“)dHf f 2 s dA= — 6G 4.1)
LtMt " Sl_3M " . .

This is the so-called weak statement for a dynamic system. It

means that the actual velocitied” andv,, must satisfy Eq.

(4.1) for any of the arbitrary distributions of virtual motions, FIG. 2. The TPL and interfaces in the capillary rise process.
orM and 6r,,, on the TPL and the interfac®, s, respec-

tively. The weak statement is equivalent to the virtual work

principle commonly studied in dynamics. Both of them leadHere the generalized forcg,, can be obtained by comparing

Liquid container

to the Galerkin method in numerical implementation. the equatior(4.5) with the result from substituting4.2) into
Let both of the liquid surface$,_3, and the TPLL, be (3.2 as
described by m  generalized coordinates, q
={01,9,,....0m}, and the corresponding generalized veloci-  f;= 3€ LtftNi(t)dI +f L fN;dA. (4.6
1-3

ties,={01,92,...,.0m}- Based on the differential geometry,
the evolving surfaces; 3 can be expressed by the position Substituting the equationg4.2), (4.3, and (4.5), into the
vector on the surfacex=x(t), at a given time, then the weak statement4.1) gives

position vector can be expressed»xasx(q;,qz,.-.,dm) by m m

the generalized coordinates with the time implicitly con- . _

tained in the generalized coordinates. Similarly, the position izzl Hijqj&qi_; fioar. .73
vector,x("), on the TPL in the surface of the inner tube wall _ .

can also express the moving TPL, namebf)=x® wilp

X(01,02,-..,.0m). Therefore, the virtual motionsir(" and

N{UN(Y
_ i
or,, are linear in the variations of the generalized coordi- Hij= i M, dl +f L
t 1—

nates, i.e.,
i ax® i
=3 (n0 2| sa=3 MOz (29
=1 aq; i=1
m m
IX
8=, (“' —) 8qi=2>, N;éq; . (4.2b
i= aq; i=1

NN A 475
LA, (.70

3

Bear in mind that the equatio@.7a8 must be held for any
virtual motion éq; , so that

m
El Hijqj:ft, i:1,2,...m. (48)
J:

It can be seen from Eq$4.6) and (4.7b that f; and H;;

Here,Ni(t) andN;, the shape functions, depend on the gen_depend on the gen_eralized_ coordinates} r_10n|inear|y.
eralized coordinates but not on the generalized velocities! erefore, the equation@h.8) is a set of nonlinear ODEs,

Moreover, the actual velocities{" andv,, are linearly re-
lated to the generalized velocities, namely,

m m
Vﬁ‘t):izl NOg;, Vn:izl Nig; . 4.3

The generalized force$, ,f,,...,f,, conjugating to the gen-

which furnishes a dynamic system with the generalized co-
ordinates{q;} to govern the process of the microscopic sur-
face’s evolution and the TPL motion driven by surface ten-
sions and gravity.

V. IMPLEMENTATION OF THERMODYNAMICS

eralized coordinates, are the differential coefficients of thé:R'A"leWORK TO CAPILLARY RISE FLOW

free energy,

f.= 7G 4.4
i~ é,_qia ( )
and the free energy variation is
m m
G
8G=>, (a—aqi)z—E f,50; . (4.5
i=1\9G; i=1

PROOF COPY 008106PHF

As an application of the proposed thermodynamics for-
mulation for the gas/liquid/solid system, the movement of a
meniscus in a capillary tube'?is especially considered in
this section. As shown in Fig. 2, the capillary tube is of a
circular cross-section and the inner diameter is very small,
but the liquid container is sufficiently large so that the liquid
volume change due to capillary rise is negligible. Mean-
while, it is assumed that the tube material readily wets the
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z R ) ) Rosine-e
o=rcos6 or f=-—-o-0,

(5.2
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X
whereR, is the inner radius of the capillary tube. Therefore,
there are only two independent geometrical quantitieand
6, in this evolution system concerned. In the present study,
{h, 6} are chosen as the generalized coordinates for the cap-
illary flow system and the corresponding generalized veloci-
h ties are{h, 6}.
RO

B. Governing equations

A simple geometrical analysis based upon E§.1)
gives the normal velocity of the liquid surface as

vo=—1+(h+f sind+r cosf)cosa, (5.3
b
Substituting Eq(5.2) into (5.3) gives
FIG. 3. The schematic diagram of the coordinate system.

va=Nph+N,6, (5.43

with
liquid and does not dissolve or otherwise react with it. When
a capillary tube is inserted into the liquid container verti-
cally, the liquid/air interface in the tube first experiences aand
rapid rising and shape changing then followed by a ver
P g ¢ ging y y Rosind Rysir? 6

slow movement before it reaches the equilibrium position. N,=— e + o cosa+ R, cosa. (5.40

N =cose, (5.4b

A. The system of generalized coordinates Simultaneously, the velocity of the TPL is obtained as

The first problem to resolve this capillary flow is to de- LO—h 5.5
scribe the shape of the liquid/air interface. Generally speak- n ' ’
ing, describing an unknown surface shape needs many p#or the sake of convenience, all the equations will be written
rameters. However, according to our experiehcthe in dimensionless form. All the variables having length di-
numerical calculation time increases substantially as thenension are normalized by the tube inner radigs and all
number of parameters increase. Therefore, without losing ththe variables having the same dimension as the surface ten-
basic features of the problem, we describe the liquid/air insion are normalized by a selected surface tengign We
terface with as few as possible parameters to simplify thehoosey,= y;_5in this paper. Consequently, the dimension-
formidable mathematical solution. Since the capillary flow isless generalized coordinates are denoted as
an axis-symmetry problem, we describe the shape of the sur-

faceS,_; at a given time by the following equations in the {0} ={h/Ro. 6} (i=1,2), (5.6
coordinate system illustrated in Fig. 3. and the dimensionless generalized velocities are written as
—rsi {ai}.
X=Tsinacose, The normal velocity of the surfac8,_3, Eq. (5.4), is
y=r sina Sin(P, (51) rewritten as
2
z=h+r sinf—r cosa. r :
“ Vn:RO< iZl NM)EZl N;Q; , (5.73
Here we assumed that the surf&e 5 is spherical in shape. N -
Under this assumption, all the geometrical variables, such asith
the area of a surface elemeri,dthe unit vectorn, normal ~ )
to the surface element, and the instant curvature of the sur- {Ni}={Nn.Ny/Ro} (i=1,2. (5.7

face elementx, can be derived from5.1) at an arbitrary  Similarly, the TPL velocity(5.5) is also rewritten as
time. Furthermore, we can also see fr@#il) that the height

and shape of the surface are characterized by the geometrical
guantitiesh, r and 0 in the parametric Equatio(s.1) where n
ae[—ag,ap] With ag=m/2— 60 and ¢ €[0,27]. Needless ]

to say, theh, r and 6 evolve with the time during the capil- With
lary flow process. The position vectr={x,y,z} depends on N -

the time with the time implicitly contained in the quantities (NTF={10 (i=12). (58D
h(t), r(t) andd(t). Here it is noted that the radiusand the ~ Substituting Eqs(5.7) and (5.8) into (4.8), with the help of
instant angled must fulfill the relationship as follows: Eqgs.(4.6), (4.7b and(3.3), we finally obtain

2

> N,

i=1

2
=Ry => N{Vg;, (5.8a
=
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é da; f
“~ H”E i ] 1,2, (59)
with
~ O (D) . . [ Sina
H|]=Ni Nj +2)(f0 N,NJ e da (5.10a
and
fj=( Y2-3 Yi-2 71—3CO50>N}0
Yo Yo Yo
g RoAp ~’yl_3 ~ ( Slna
+ i . .
ZJO o K o N] o0 de (5.10b

Here we introduced a pair of dimensionless paramgi@nd
a characteristic timéy, i.e.,
RoM; Ro
M Miyo

(5.11

andt in the equation(5.9) and % in the equation(5.10H

denote the dimensionledsand «, respectively, such as
Before we make the integration for E(.9), the pres-

sure difference across the surfégge ; must be estimated. In

order to simplify the solution, we presume that the liquid is

an incompressible fluid of known constant density and vis-

Gas/liquid/solid system
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(b) The dependence of the dynamic contact
angle (6 ) on the normalized time (t/t)

cosity and is in a state of quasi-steady laminar flow, the

pressure difference is expressed via fluid mechafse®,
e.g., Ref. 13 as

8u
Ap —pghﬂr—ﬁghuﬁuw

where pg is the specific weight of the liquid and is the
absolute viscosity. Here it should be noted that €&gl2 is

FIG. 4. Theoretical predictions for various parametemsndt .

where the initial value$q;o} describe the initial height and
shape of the liquid surface. In other words, the set of the first
order nonlinear equation$.9) with the initial-value condi-
tions (5.14) governs the capillary rise process.

C. Numerical results

just a simplification of the solution under the assumption of

guasi-steady laminar flow. For the capillary flow in a thin
tube, this assumption is valid to a certain degdfE€he exact

pressure field inside of the liquid can only be obtained by a

Let us now consider the following case that the height
and shape of the interfac® _; att=0 is

h(0)=0, 6(0)=6,. (5.19

more detailed fluid mechanics approach, which requires the

solution for the issue of the shear stress singularity near th

contact line as mentioned in the Introduction. This simplifi-

cation is based on the fact that the motion of the fluid only.

plays a minor role in the energy change. Our later experi
mental observation proved this simplification

The instant curvature relate to the generalized coordi-
nates via the following formula:

|k|=|2 cosO/Ry|. (5.13

From Egs.(5.9) and(5.10, it is noted that the set of equa-
tions (5.9 furnishes a nonlinear dynamic system with the
generalized coordinatefy;}. The liquid surface rise and

evolution during the capillary rise process depends on thg]l

solution of the set of5.9) for given parametersy, ty, pg

andy;_; as well as the initial-value condition
Ai(M[i=0=00 (i=1,2), (5.14

PROOF COPY 008106PHF

Here 6y is the initial value of the instant contact angiét).

The Gear's methdd is adopted to solve the set of nonlinear
ODEs(5.9) for g;(t). We have performed several case stud-
ies to check our numerical program and to illustrate the cap-
illary rise phenomena.

The following numerical calculation is carried out for a
comparison with the experimental results presented in the
next section. All the geometrical dimensions and material
constants are chosen to be consistent with our experimental
setup. We consider the case of a normal engine oil in a glass
tube of radiusRy=0.365(mm) at atmospheric pressure. It
has surface tension; _;=0.0294N m™1), equilibrium con-
ct angle 6.=15 degrees and liquid weight densipg
8.33x10°(Nm™3 as well as absolute viscosityu
=0.38(Pas). The initial shape is given by5.15 with 6,
=q/2. Figure 4 illustrates the numerical results for the
above-mentioned oil with various parametgrandt,. Fig-
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FIG. 5. Experimental setup for capillary flow measurement. 04 ' : ' | ' : . ,
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Time t(s)
ure 4a) shows the dependence of the normalized height (a) B.=0.365 mm
h/R, on the normalized timé/t,, and Fig. 4b) shows the 0
dependence of the contact angl®n the timet/t,, respec- 20
tively. |
From Fig. 4, it is clear that the meniscus shape change and £ 154
TPL rising are extremely rapid at the beginning of the evo- £ =7 o
lution, then followed by a slow rising process before it < 10+ ©
reaches the static equilibrium state. The comparison between .2 © Experiment
dimensionless parametgr=0.1 andy=10 shows that the I 54 Present Prediction
time duration to reach the static equilibrium stétienoted
by t.) for a smally, is shorter than that for big. Actually, 0O———7T T 71—
the normalized equilibrium times,/ty, are estimated in the 0 200 Tim:(t)(zs) 600 800

above numerical examples and they are 550 and 1500 for

x=0.1, t,=0.5 and y=10, t,=0.5, respectively. As ex- (b) A,=0.525 mm

pected, the final static equilibrium heights are the same as for _ ,
L. ... . FIG. 6. (a) The experimental data are used to calibfdteandM, . (b) The

all two cases and it is the same as the computed equilibriurg,, tical prediction agrees with the testing data.

height of the liquid surface using the equilibrium conditions

equation (3.5, namely, the well-known Laplace—Young

equations. B. Experimental results versus theoretical predictions

The material constants, the mobilities of the TPL and the
surface(M; andM) are normalized into a pair of dimension-
less parameterg andt,. The dependence of(t) curve ony
A. Experimental setup andt, is showed in Fig. @). By fitting the experimental

An experiment was conducted to measure the dynamickesult for the case oR,=0.365(mm) shown in Fig. 6a)
of the capillary flow driven by the capillary force and bal- With the theoretical results with various pairg, o), we ob-
anced by the viscosity and the gravity forces. The experil@in the pair with which the theory is in agreement with the
mental setup is shown in Fig. 5. It consists of a test tube, £xPeriment. Figure @) illustrated the comparison between
liquid tank, a CCD camera and a PC for the picture capturdn® experimental and theoretical result wif=0.1, t,
and image processing. Two glass tubes were used in thig0-6- Therefore, the materials constarig, and M, for the
experiment, whose inner diameters were, respectively, 0.73/-91ass system used in the experiment are given by Eq.
(mm) and 1.05(mm), measured by an optical inspection sys- 5.11 as
tem. The glass tubes were cleaned by acetone before the M,=2.07x102(m3N"1S™?),
testing to ensure good contact between the liquid and the
inner surface of the tubes. Normal engine oil was used as the M=7.55<10"*(m*N"*s™).

liquid and its viscosity was measured to be 0(B&s). The  ijth these measured mobilities, we made calculation for the
other material constants are surface tension_;  case ofR,=0.525(mm). The theoretical prediction is con-
=0.0294(N m™4), equilibrium contact anglé.= 15 degrees  sistent with the experimental result in this case illustrated in
and liquid weight densitpg=8.33< 10° (Nm ). The glass  Fig. g(h).

tubes were held vertically above the oil tank. The experi-

ments were started by moving the tubes down to the oi

surface in the tank and stayed still once the bottom of thé/”' CONCLUDING REMARKS

tubes touched the oil. The capillary force would then drive  In the present paper we proposed a nonequilibrium ther-
the oil to move upwards along the tube until it was finally modynamics model for the gas/liquid/solid system. The time
balanced by the gravity force. The whole processes werdependent process of the system evolution is described by
recorded by the CCD camera which was set at a frame gralthe combination of contact line motion and the liquid/gas
bing speed of 6 frames/sec. The images were saved in thaterface change driven by capillary forces. This process fur-
PC, from which the heights of the oil in the tubes at a dif- nishes a nonlinear dynamic system and leads to a set of non-
ferent time were read. linear ODEs with generalized coordinates. Two new material

VI. EXPERIMENTAL VERIFICATION
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