
Mechanics of Materials 35 (2003) 943–953

www.elsevier.com/locate/mechmat
Screw dislocation interacting with imperfect interface
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Abstract

The study of dislocations interacting with interfaces is of great interest to understand the strengthening and

hardening mechanisms in materials. Most of the existing results in this field dealt with perfect interfaces where the

displacements are continuous across interfaces. In reality, however, due to damage of interfaces or other reasons, the

displacements across interfaces could have a jump. In the present study, a linear spring model is applied to study

imperfect interfaces, and the interaction of a screw dislocation with an imperfect interface is formulated. The results

show that the interacting force on a screw dislocation with an imperfect interface varies between that with a free surface

and that with a perfect interface. It should be pointed out that the present study is the first step of the dislocation/

imperfect-interface research. The interaction between edge dislocations and imperfect interface is a more practically

important and challenging problem.

� 2002 Elsevier Ltd. All rights reserved.
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1. Introduction

The analytical research on the interaction be-

tween interfaces and dislocations started from

early 1950s by Head (1953) who analyzed force

on a screw dislocation near an interface of a bi-

material. Since then dislocation interacting with
interfaces has been an active research topic for

solid mechanics researchers and material scientists.

A thorough review on this topic would lead to a

very lengthy introduction, which cannot be fitted

into the present paper. Fortunately, the following
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two review articles give us a reasonably clear pic-

ture of evolution of the dislocation/interface in-

teraction research. The first detailed review article

was written by Dundurs (1969), where he sum-

marized the major contributions to the topic up to

the end of 1960s. Most recently, Chen (2001) re-

viewed the progress of the interaction research in
the past thirty years, as part of his effort to study

dislocations interacting with wedged interfaces and

inhomogeneities. Since the solution for a single

dislocation interacting with interface is considered

as a Green�s function, there have been a number of

research topics derived from this fundamental so-

lution. For example, the cracks (Griffith crack and

Zener–Stroh crack) can be formulated by using
dislocation pileup concept (Weertman, 1996). The
ed.
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plasticity and strengthening phenomena have also

been explained and modeled by the dislocation

mechanisms (Hirth and Lothe, 1982). Therefore,

the research on the dislocation/interface interac-

tion is not only important to the dislocation re-

searchers, but also to the fracture mechanics,
plasticity and composite mechanics researchers, to

name a few.

It is noticed that early research works (before

1980s) on dislocation/interface interaction treated

the interface as perfectly bonded. In mechanics

terminology, a perfect interface is described by,

referring to the configuration of Fig. 1(a),

T ð2Þ
i ð0; yÞ ¼ T ð1Þ

i ð0; yÞ; traction continuity;
a

y

θ2

Region 2
G2, 2

material 1material 2

Inter-phase

( b )

( a )

Fig. 1. (a) A screw dislocation near interface, (b) inter-phase modele

model.
and

uð1Þi ð0; yÞ ¼ uð2Þi ð0; yÞ; displacement continuity:

The superscripts are used to distinguish between
the two materials.

It was realized that there might be a jump of

displacements across the interface due to damage

or imperfection of the interface. Since the 1980s,

imperfect interfaces have been attracting more and

more attention. Among the numerous models for

the imperfect interface, the linear spring model has

been widely employed due to its simplicity and
feasibility in applications. Again, in mechanics

terminology, the imperfect interface described by

the linear spring model is given by
x

a

θ 1

r2 r1

Region 1
G1, 1

material 1material 2

( c )

d by spring model, (c) a damaged interface modeled by spring
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rð2Þ
xz ð0; yÞ ¼ rð1Þ

xz ð0; yÞ
and

kðuð1Þz ð0; yÞ � uð2Þz ð0; yÞÞ ¼ rð1Þ
xz ð0; yÞ

for the anti-plane problem shown in Fig. 1(a),

where k is the so-called spring constant. There are
few research works for the interaction between

dislocations and imperfect interfaces with various

interface models. Stagni and Lizzio (1992) inves-

tigated the dislocation in a lamella inhomogeneity

with slipping interfaces. Chen et al. (1998) con-

sidered the dislocation near a sliding interface.

Shilkrot and Srolovitz (1998) studied a disloca-

tion interacting with an interface with a finite
stiffness.

There are many research works for imperfect

interface, but not for the interaction between dis-

locations and the imperfect interface. On one

hand, experimentalists (Margetan et al., 1988;

Lavrentyev and Rokhlin, 1998) showed that spring

model was suitable for simulating certain kind of

interfaces. On the other hand, many analytical
works have also been carried out with the spring

model. For example, Hashin (1990, 1991) derived

the spherical inclusion solution with imperfect in-

terface, where he explained that the spring model

could be viewed as inter-phase as shown in Fig.

1(b). Fan and Sze (2001) related the micro-cracks

on the interface with the spring constant of the

interface by using a self-consistent scheme as
shown in Fig. 1(c). Recently, Zhong and Meguid

(1997) reviewed the research works on the imper-

fect interface and its application in composite

mechanics. Since the imperfect interface is not

limited to solid mechanics problems, there are also

some works for other physical problems. For ex-

ample, Benveniste (1999) considered an imperfect

interface in conduction phenomena.
In the following sections, we will focus on the

interaction between a screw dislocation and im-

perfect interfaces described by a linear spring

model. In terms of geometrical configurations, we

will consider (1) two joint infinitely extended half-

spaces, (2) one half space coated with a thin layer,

and (3) a circular inhomogeneity embedded in an

infinite matrix. It is desirable that the solutions for
all these configurations are simple enough to be
applied as fundamental solutions for other appli-

cations.

We would like to point out that the present

anti-plane problem is the simplest configuration

among all dislocation/interface problems. Plane

problems may encounter bigger mathematical
difficulties and reveal more physical phenomena.

This paper is considered as the first step towards a

thorough understanding of dislocation interacting

with imperfect interfaces.
2. A screw dislocation near an imperfect interface

As our first geometric configuration, we con-

sider a screw dislocation near an imperfect inter-

face as depicted in Fig. 1. The coordinates are set

up in such a way that the interface is along the y-
axis and the screw dislocation is located in mate-

rial 1 at point ða; 0Þ. Materials 1 and 2 are linear

elastic with shear moduli G1 and G2, respectively.

For the anti-plane problem, the only non-

vanishing displacement, uz, is the function of co-

ordinates x and y only, and satisfies Laplace�s
equation

r2uz ¼ 0: ð1Þ
The non-vanishing stress components are given by
Hooke�s law,

rxz ¼ G
ouz
ox

and ryz ¼ G
ouz
oy

: ð2Þ

Although any plane with the screw dislocation

could be taken as the slip plane, it is convenient to

select the plane y ¼ 0 as the slipping plane.

Therefore, the dislocation condition can be ex-

pressed as

lim
g!0

½uzðx;�gÞ � uzðx; gÞ� ¼ b

ðfor g > 0 and x > aÞ; ð3Þ
where b is the magnitude of Burgers� vector. For
the present imperfect interface problem, the trac-

tion across the interface is continuous, that is

rð2Þ
xz ð0; yÞ ¼ rð1Þ

xz ð0; yÞ: ð4Þ
As to the displacement condition, the spring model

is adopted here, with which the jump of displace-

ment uz across interface is linearly proportional to

the traction rxz,
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kðuð1Þz ð0; yÞ � uð2Þz ð0; yÞÞ ¼ rð1Þ
xz ð0; yÞ ð5Þ

where k is the spring constant of the interface. The

interface is perfectly bonded for k approaching

infinity; while the interface is a free surface for k
approaching zero.

The solution to this boundary value problem,

Eqs. (1)–(5), can be expressed as

uð1Þz ¼ b
2p

ðh1 þ Kh2Þ þ ûuð1Þz ;

uð2Þz ¼ b
2p

½ð1� KÞh1 þ Kp� þ ûuð2Þz ;

ð6Þ

where

K ¼ C� 1

Cþ 1
;

C ¼ G2=G1;

and

06 h1; h2 6 2p:

ð7Þ

In Eq. (6), the underlined terms are the solutions

for the perfect interface (Dundurs, 1969), while ûuð1Þz

and ûuð2Þz collect the effect of imperfect interface. It

is obvious that ûuð1Þz and ûuð2Þz are also harmonic

functions, namely,

r2ûuð1Þz ¼ 0 and r2ûuð2Þz ¼ 0: ð8Þ
By applying Fourier transformation,

Uzðx; sÞ ¼
Z 1

�1
uzðx; yÞe�isy dy; ð9Þ

uzðx; yÞ ¼
1

2p

Z 1

�1
Uzðx; sÞeisy ds ð10Þ

to Eq. (8), we obtain

d2

dx2

�
� s2

�
Uzðx; sÞ ¼ 0: ð11Þ

Since the displacement is finite as x ! 1, the

Fourier transformations of the displacements ûuð1Þz

and ûuð2Þz should take the forms

bUU ð1Þ
z ¼ AðsÞe�jsjðx�aÞ; ð12Þ

bUU ð2Þ
z ¼ CðsÞejsjðxþaÞ: ð13Þ

By using Eqs. (4) and (5), AðsÞ and CðsÞ can be

determined by
AðsÞ ¼ �CCðsÞ; ð14Þ

CðsÞ ¼ i

2
bðK � 1ÞsgnðsÞ ae�2ajsj

ajsj þ k
; ð15Þ

where sgnðsÞ is the sign function

sgnðsÞ ¼
1; s > 0;
0; s ¼ 0;
�1; s < 0;

8<: ð16Þ

and

k ¼ ak
G1 þ G2

G1G2

: ð17Þ

Parameter k is a dimensionless constant, which

measures the interface ‘‘rigidity’’. It will be seen

that the parameter k is the only new parameter

introduced into all the solutions for the imperfect
interface configurations.

Substituting of Eqs. (14) and (15) into Eqs. (12)

and (13), the displacements ûuð1Þz and ûuð2Þz can be

expressed by

ûuð1Þz ðx; yÞ ¼ bCðK � 1Þ
2p

Z 1

0

ae�sðxþaÞ

asþ k
sinðsyÞds;

ð18Þ

ûuð2Þz ðx; yÞ ¼ � bðK � 1Þ
2p

Z 1

0

aesðx�aÞ

asþ k
sinðsyÞds:

ð19Þ
With Hooke�s law, Eq. (2), the total stresses in

materials 1 and 2 can be written as

rð1Þ
zx ðx; yÞ ¼

G2bðK � 1Þ
2p

Z 1

0

k sinðsyÞ
asþ k

e�sðxþaÞ ds

� bG1

2p
y
r21

� y
r22

� �
; ð20Þ

rð1Þ
zy ðx; yÞ ¼ �G2bðK � 1Þ

2p

Z 1

0

k cosðsyÞ
asþ k

e�sðxþaÞ ds

þ bG1

2p
x� a
r21

� xþ a
r22

� �
; ð21Þ

rð2Þ
zx ðx; yÞ ¼

G2bðK � 1Þ
2p

Z 1

0

k sinðsyÞ
asþ k

esðx�aÞ ds;

ð22Þ
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Fig. 2. The variation of f ðkÞ with respect to k.
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rð2Þ
zy ðx; yÞ ¼

G2bðK � 1Þ
2p

Z 1

0

k cosðsyÞ
asþ k

esðx�aÞ ds:

ð23Þ
In Eqs. (20) and (21), the underlined terms are the
results of free surface, while the other terms are the

effects of the interface.

The elastic energy can then be calculated as

E ¼ b
2

Z R

aþr0

rzyðx; 0Þdx

¼ b2G1

4p
ln

2a
r0

� �
� b2ðK � 1ÞG2

4p

�
Z R

aþr0

Z 1

0

ke�sðxþaÞ

asþ k
dsdx

¼ b2G1

4p
ln

2a
r0

� �
� b2ðK � 1ÞG2

4p

�
Z 1

0

k
asþ k

e�ð2aþr0Þs � e�ðaþRÞs

s

� �
ds; ð24Þ

where R � a and r0 is the radius of dislocation

core used to eliminate the impropriety of elastic

theory in the core. The interchange of integration

order in Eq. (24) is discussed in detail in Appen-

dices A, B and C.

Furthermore, the force acting on the dislocation
is given by

Fx ¼ � oE
oa

¼ � b2G1

4pa
1

�
� 2C

Cþ 1
f ðkÞ

�
; ð25Þ

where

f ðkÞ ¼ 2ke2kEið2kÞ; ð26Þ

with

Eið2kÞ ¼
Z 1

2k

e�t

t
dt: ð27Þ

Sequence interchange of differentiation and inte-

gration in Eq. (25) is also discussed in detail in

Appendices A, B and C.

Fig. 2 shows the monotonic variation of f ðkÞ
with respect to k. The value of f ðkÞ falls into the

range between 0 and 1. As k approaches infinity,

the interface becomes perfectly bonded, and f ðkÞ
equals to 1. Therefore, the results given by Eq. (25)

reduce to that for the perfect interface (Head,
1953). As k approaches zero, the interface becomes

a free surface, and f ðkÞ equals zero. Therefore, the
effects of imperfect interface on a screw disloca-

tion is completely determined by the dimensionless

parameter k, which is related to the spring con-

stant, the shear moduli of two materials and the

location of dislocation.
3. Screw dislocation near surface layer

In addition to the interface, surface layers are

also encountered in engineering applications.

Based on the solutions of Eqs. (20)–(23), we are

able to deal with the effects of surface layer on a

screw dislocation as depicted in Fig. 3. The
boundary value problem is reduced to finding an

additional solution to Eq. (6), which can clear the

traction on the free surface x ¼ �h from Eq. (22).

Following a similar procedure as in Section 2,

we can obtain Fourier transformation of the dis-

placement asbUU ð1Þ
z ¼ AðsÞe�jsjx; ð28Þ

bUU ð2Þ
z ¼ BðsÞ sinhðsxÞ þ CðsÞ coshðsxÞ: ð29Þ

Using the free surface condition at x ¼ �h and the

interface condition at x ¼ 0 given by Eqs. (4) and

(5), we obtain
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AðsÞ ¼ �C
s
jsjBðsÞ;

CðsÞ ¼ � 1þ C
k

as
�

þ C
s
jsj

�
BðsÞ;

ð30Þ

BðsÞ ¼ bðK � 1Þ i
2

ke�jsjðhþaÞ

as2 þ kjsj coshðshÞ
�

þ 1þ C
k

a
�

þ C
jsj

�
s sinhðshÞ

��1

: ð31Þ

Accordingly, the displacement and then the stress

components can be determined. The elastic energy

is given by

E ¼ ðK � 1ÞG2b2

4p

�
Z 1

0

ke�sðhþaÞ

asþ k
e�ðaþr0Þs � e�Rs

s

� �
coshðshÞ
�

þ 1þ C
k

as
�

þ C

�
sinhðshÞ

��1

ds: ð32Þ

Again, there is a procedure of interchange of in-

tegration order in Eq. (32), which can be discussed

by using a similar proof as provided in Appendices

A, B and C.

With the elastic energy, we can calculate the

total force acting on dislocation as

Fx ¼ � oE
oa

¼ � b2G1

4pa
1

�
� 2C
Cþ 1

gðh=a; k;CÞ
�
; ð33Þ
where

gðh=a; k;CÞ ¼ f ðkÞ �
Z 1

0

2ke�2t

t þ k

�
exp � h

a t
� �

cosh h
a t
� �

þ 1þC
k t þ C

� �
sinh h

a t
� �dt

ð34Þ

with f ðkÞ defined by Eq. (26).

It is found from Eqs. (33) and (34) that when

h ¼ 0, gð0; k;CÞ equals zero, the force acting on

dislocation reduces to that of free surface; while

when h tends to infinity, gðh=a; k;CÞ equals to

f ðkÞ, Eq. (34) reduces to Eq. (25). When k ap-
proaches infinity, Eq. (33) reduces to the results for
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a perfect interface (Dundurs, 1969). Fig. 4(a)

shows the monotonic variation of normalized

force Fx with respect to h=a for a fixed C ¼ 2 but

with various k. It is known that the dislocation has

an equilibrium position (zero force) for C > 0 and

perfect interface. This phenomenon indicates the
competition between the attractive force exerted

on the dislocation by the free surface x ¼ �h and

repulsive force exerted by the layer with higher

modulus. But this equilibrium position may dis-

appear as the bonding of the interface deteriorates

(k decreases). Fig. 4(b) shows the variation of the

normalized force verse h=a for a fixed k ¼ 10 but

with various C.
4. Screw dislocations interacting with a circular

inclusion

Firstly, let us consider a screw dislocation in the

matrix as shown in Fig. 5, where n > 1. Laplace�s
equation takes the following form in a polar co-
ordinate:

r2uz ¼
o2

or2

�
þ o

ror
þ o2

r2o2h

�
uz ¼ 0: ð35Þ

Its general solution can be given as

uð1Þz ¼ b
2p

h1 þ K h2 � h1ð Þ
(

þ
X1
n¼1

a
r

� �n
an cos nhð Þ½ þ bn sin nhð Þ�

)
;

ð36Þ
Fig. 5. A screw dislocation near a circular inclusion.
uð2Þz ¼ b
2p

ð1� KÞh1 þ pK

(

þ
X1
n¼1

r
a

� �n
cn cos nhð Þ½ þ dn sin nhð Þ�

)
;

ð37Þ

where 06 h1; h2 6 2p and K is defined by Eq. (7).

Again, the underlined terms in Eqs. (36) and (37)

are the solutions for the perfect interface (Dun-
durs, 1969). The effect of the imperfection of the

interface is taken into account by the series solu-

tion. The boundary conditions on the interface are

given by

kðuð1Þz ða; hÞ � uð2Þz ða; hÞÞ ¼ rð1Þ
rz ða; hÞ

and

rð2Þ
rz ða; hÞ ¼ rð1Þ

rz ða; hÞ;
ð38Þ

where

rrz ¼ ryz sin hþ rxz cos h: ð39Þ

Substituting Eqs. (36) and (37) into Eq. (38) leads to

an ¼ cn ¼ 0; bn ¼ �Cdn; ð40Þ

dn ¼
1

nþ k

� �
1

p

Z p

�p

1� Kð Þn sin h
1þ n2 � 2n cos h

� sinðnhÞdh; ð41Þ

where k is defined in Eq. (17).
The interaction energy of dislocation can be

expressed by

E ¼ b2G1

4p
K log

n2

n2 � 1

� �"
þ C Kð � 1Þ

�
X1
n¼1

1

nþ k

� �
1

p

Z p

�p

n1�n sin h sinðnhÞ
1þ n2 � 2n cos h

dh

#
;

ð42Þ

and the force on the dislocation is calculated as

Fx ¼
b2G1K

2pan n2 � 1
� � 1

�
þ C
C� 1

g1 k; nð Þ
�
; ð43Þ
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where

g1ðk; nÞ ¼ nðn2 � 1Þ
X1
n¼1

n�n

nþ k
1

p

 

�
Z p

�p

1� n� ð1þ nÞn2 þ 2nn cos h

ð1þ n2 � 2n cos hÞ2

� sin h sinðnhÞdh
!
: ð44Þ

Validity of order interchange of integration and

differentiation in Eqs. (42) and (43) can be proved

via the theorems in Appendices A, B and C.

Secondly, as the counterpart problem of the

above configuration, let us consider the case that

the dislocation is inside the inclusion, n < 1. The

displacement field is specified by

uð1Þz ¼ b
2p

ð1
"

þ KÞh1 � Kh

þ
X1
n¼1

a
r

� �n
an cosðnhÞð þ bn sinðnhÞÞ

#
;

ð45Þ

uð2Þz ¼ b
2p

h1

"
þ Kðp� h2Þ

þ
X1
n¼1

r
a

� �n
ðcn cosðnhÞ þ dn sinðnhÞÞ

#
;

ð46Þ

where the relations among an, bn, cn and dn are the
same as those in Eqs. (40) and (41). The energy of

configuration is calculated as

E ¼ b2G2

4p
K logð1
"

� n2Þ � 2

Cþ 1

�
X1
n¼1

1

nþ k

� �
1

p

Z p

�p

nnþ1 sin h sinðnhÞ
1þ n2 � 2n cos h

dh

#
;

ð47Þ

and the force on the dislocation is

F ¼ b2G2

2pa
Kn

1� n2
1

�
þ 1

C� 1
g2ðk; nÞ

�
; ð48Þ
where

g2ðk; nÞ ¼
1� n2

n

X1
n¼1

nn

nþ k
1

p

�
Z p

�p

nþ 1þ ðn� 1Þn2 � 2nn cos h

ð1þ n2 � 2n cos hÞ2

� sin h sinðnhÞdh: ð49Þ

Fig. 6 shows the variation of g1 and g2 with respect

to k for various n. As k goes to infinity, g1 and g2
tend to be zero. Therefore, the results reduce to

that of perfect interface. As k equals to zero, g1
and g2 tend to )2 and 2, respectively, the results

reduce to that for the free surface. The numerical

results in Fig. 6 show that g1 and g2 have weak

dependence on n.
5. Concluding remarks

The imperfect interface introduces a new vari-

able, k, into the problem of interaction between

the dislocation and interface. The results on a

screw dislocation near planar interface or circular
inclusion show that the force acting on the dislo-

cation due to the presence of the imperfect inter-

face is between the values for a free surface and

that for a perfectly bonded interface. The dimen-

sionless parameter k collects the effects of the im-

perfect interface on the screw dislocation.
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The forces acting on the dislocation for all three

configurations were given as functions of k. The
forms of the equations, Eqs. (25), (33), (43) and

(48) are analytical and can be applied to other

research areas, such as fracture and composite

mechanics, as the fundamental solutions.
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Appendix A. (Amazigo and Rubenfeld, 1980)

A.1. Definition: uniform convergence

Suppose f ðs; xÞ is continuous for sP s0 and
x0 6 x6 x1. Then the improper integralR1
s0

f ðs; xÞds is said to converge uniformly on

½x0; x1� to F ðxÞ if, for any positive number e, there is
a number N, independent of x, such that, for all x
in ½x0; x1�,Z B

s0

f ðs; xÞds
				 � F ðxÞ

				 < e; whenever B > N :

ðA:1Þ
A.2. Theorem: Weierstrass M-test for uniform

convergence

If f ðs; xÞ is continuous for sP s0 and x0 6 x6 x1,
and if there is a function MðsÞ such that

jf ðs; xÞj6MðsÞ; sP s0; x0 6 x6 x1; ðA:2Þ
then if

R1
s0

MðsÞds converges,
R1
s0

f ðs; xÞds con-

verges uniformly.
A.3. Theorem: integration of integration order

If the function f ðs; xÞ is continuous for sP s0
and x0 6 x6 x1, and the improper integralR1
c f ðs; xÞds converges uniformly, then
Z x1

x0

Z 1

s0

f ðs; xÞds
� �

dx ¼
Z 1

s0

Z x1

x0

f ðs; xÞdx
� �

ds:

ðA:3Þ
A.4. Theorem: interchange of order of differentiate

and integration

If (i) the function f ðs; xÞ is continuous for sP s0
and x0 6 x6 x1, and differentiable with respect to

x, (ii) the improper integral
R1
c f ðs; xÞds converges,

(iii)
R1
c ðo=oxÞ½f ðs; xÞ�ds converges uniformly, then

o

ox

Z 1

s0

f ðs; xÞds ¼
Z 1

s0

o

ox
½f ðs; xÞ�ds: ðA:4Þ

Appendix B. Interchange the order of integration in

elastic energy

The elastic energy is expressed by Eq. (24),

E ¼ b
2

Z R

aþr0

rzyðx; 0Þdx

¼ b2G1

4p
ln

2a
r0

� �
� b2ðK � 1ÞG2

4p

�
Z R

aþr0

Z 1

0

ke�sðxþaÞ

saþ k
dsdx: ðB:1Þ

The first term in Eq. (B.1) is the energy of a

dislocation interacting with a free surface, which
is well documented. Let us focus on the second

term in Eq. (B.1), which is contributed by the

interfaces

ke�sðxþaÞ

asþ k
< e�ð2aþr0Þs ð8x 2 ½aþ r0;R�Þ

andZ 1

0

e�ð2aþr0Þs ds ¼ 1

2aþ r0
: ðB:2Þ

According to the Weierstrass M-test of Appendix

A.2,Z 1

0

ke�sðxþaÞ

asþ k
ds
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is uniformly convergent with respect to x on

½aþ r0;R�, therefore the order of integration can be

interchanged,Z R

aþr0

Z 1

0

ke�sðxþaÞ

asþ k
dsdx

¼
Z 1

0

Z R

aþr0

ke�sðxþaÞ

asþ k
dxds

¼
Z 1

0

k
asþ k

e�ð2aþr0Þs � e�ðaþRÞs

s

� �
ds: ðB:3Þ
Eq. (B.3) leads to Eq. (24).
Appendix C. Calculation of force on dislocation

Since conditions (i) and (ii) in Appendix A.4

have been satisfied for Eq. (B.3), hereby we only

consider condition (iii). It is found that
Z 1

0

o

oa
k

asþ k
e�ð2aþr0Þs � e�ðaþRÞs

s

� �� �
ds

¼ �
Z 1

0

k
asþ k

ð2e�ð2aþr0Þs � e�ðaþRÞsÞds: ðC:1Þ
It should be pointed out that k=ðasþ kÞ is inde-

pendent of a (see the definition of k in Eq. (17)).

For the right-hand side of Eq. (C.1), we have
k
asþ k

ð2e�ð2aþr0Þs � e�ðaþRÞsÞ < 2e�r0s

andZ 1

0

e�r0s ds ¼ 1

r0
:

ðC:2Þ
Again, according to the Weierstrass M-test of

Appendix A.2,
Z 1

0

o

oa
k

asþ k
e� 2aþr0ð Þs � e� aþRð Þs

s

� �� �
ds

is uniformly convergent with respect to a on

½0;1Þ. Thus,
o

oa

Z 1

0

k
asþ k

e�ð2aþr0Þs � e�ðaþRÞs

s

� �� �
ds

¼
Z 1

0

o

oa
k

asþ k
e�ð2aþr0Þs � e�ðaþRÞs

s

� �� �
ds

¼ � 1

a
2

2þ r0=a
2k
��

þ r0
a
k
�

� e2kþðr0=aÞkEi 2k
�

þ r0
a
k
�
� 1

1þ R=a

� k

�
þ R

a
k

�
ekþðR=aÞkEi k

�
þ R

a
k

��
: ðC:3Þ
When r0 ! 0 and R ! 1, Eq. (C.3) reduces to

o

oa

Z 1

0

k
asþ k

e�ð2aþr0Þs � e�ðaþRÞs

s

� �� �
ds

¼ � 1

a
2ke2kEi 2kð Þ: ðC:4Þ
Eq. (25) is obtained.
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